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ARTICLE INFO ABSTRACT

Keywords: Deployable rib-mesh reflector antennas, known for their ultralight nature and high deployment-to-stowage

Form finding ratio, have been attracting attention from both the aerospace industry and academia. Form finding is a critical

Finite ele“‘fent method step in determining the equilibrium shape of the reflector under a specific internal stress distribution, which

gir;n!)r;zlsli-il:;?;enna is a prerequisite in evaluating the surface accuracy of these antennas. This paper presents a comprehensive
methodology for iteratively implementing the nonlinear finite element method for form finding of cable-
membrane structures supported by flexible frames. The method is integrated into the commercial finite element
code ABAQUS with Python scripts, and its accuracy and efficiency are validated through a few benchmark
examples. Subsequently, the proposed method is applied to analyze the surface accuracy of umbrella-like rib-
mesh reflector antennas. The effect of key design parameters such as the number and rigidity of ribs, the
magnitude and anisotropy of membrane stress, and the amount of pretension force in boundary cables on
the antenna’s surface accuracy has been highlighted. The effort not only establishes a robust and user-friendly
strategy for form finding of cable-membrane structures supported by flexible frames but also provides valuable
insights into the surface accuracy of umbrella-like rib-mesh reflector antennas. To facilitate the application of
the FEM-based form-finding method, the source code for this paper is publicly available via a permanent link
on GitHub https://github.com/SCU-An-Group/FEM-based-Form-Finding.

Cable-membrane structure

1. Introduction mesh surface with boundary cables. The metallic mesh surface and
boundary cables serve as tensile structures, characterized by negligible

Tensile cable-membrane structures, typically supported by frames, flexural stiffness and limited to undergoing tension stress to maintain
provide innovative designs to create lightweight, aesthetically pleasing, structural integrity [6,7]. The parabolic radial ribs serve as supporting

and functional structures. Their versatile applications extend across
daily life and diverse industries, ranging from common items like
umbrellas and tents to complex industrial structures such as large-span
membrane roofs and spaceborne deployable reflector antennas [1-5].
Among them, deployable mesh reflectors play an important role in
the design of large-scale satellite deployable antennas, due to their

frames to preserve the overall rigidity and stability of the antenna.
According to the rigidity of antenna ribs, the umbrella antenna can
be categorized into two families: rigid-rib antennas and flexible-rib an-
tennas, each employing different folding and deployment mechanisms.
The deployment of the rigid-rib antenna is typically actuated using

ultralight nature, ease of folding and deployment, high deployment- electric motors located at the base, in conjunction with torsion springs
to-stowage ratio, and facilitation of large diameter realization [4]. positioned at the hinges of antenna ribs. Examples of rigid-rib antennas
Fig. 1(a) shows a schematic diagram of a deployable mesh reflector include the Ka-band Radar Parabolic Deployable Antenna (KaRPDA)
antenna that has an umbrella-like shape at the on-orbit working state. proposed by NASA and JPL for the Radar in a CubeSat (RainCube)
As shown in Fig. 1(b), this type of umbrella antenna consists mainly of mission [8], and the X-band Synthetic Aperture Radar (SAR) antenna

a central hub, a series of parabolic radial ribs, and a reflective metallic
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Fig. 1. Schematic diagram of (a) the working state of the umbrella-like space deployable rib-mesh reflector antenna, and (b) its constitutive parts: a central hub, a number of

parabolic radial ribs, a metallic mesh reflective surface, and boundary cables.

developed by Indian Space Research Organisation for the Radar Imag-
ing Satellite (RISAT 2B/R1/R2). On the other hand, for the flexible-rib
antenna, deployment is often actuated by the stored strain energy in the
deformation of flexible ribs. A notable example of flexible-rib antennas
is the wrapped-rib antenna, for which the flexible ribs, made of either
metallic or fiber polymer composite materials, are stowed by being
elastically wrapped around the central hub before launch, and once
in orbit, the ribs are then released to deploy the mesh reflector into
a working state [9,10]. Earlier, the US AST-6 satellite adopts this type
of antenna, with a diameter of 9.1 meters [11]. Recently, researchers
from the Oxford Space System Ltd in UK [12], Chiba University in
Japan [13], and Tongji University in China [14], proposed a variety
of wrapped-rib antenna prototypes with apertures of 2.7 m, 3.6 m,
and 0.5 m, respectively. In addition to the wrapped-rib antenna, there
are also other types of foldable and deployable flexible-rib antennas.
Pellegrino et al. [15,16] proposed an antenna design featuring a 1.5-
meter diameter Collapsible Rib-Tensioned Surface (CRTS) reflector,
where flexible ribs were folded around the central hub, and a flat
Kevlar-reinforced Kapton foil was utilized as the reflective surface.
Shape memory alloys (SMA) are smart materials that are capable of
returning to a predefined shape when subjected to electric heating.
This unique property makes them highly suitable for the design of self-
deployable structures [17]. Lim et al. [18] designed and fabricated a
2-meter diameter deployable parabolic antenna that utilizes SMA as
flexible ribs and a fabric sheet membrane as the reflector.

From a mechanical perspective, the mesh reflector umbrella-like
antenna can be recognized as a tensile structural system composed of
cable-membrane structures supported by frames. In the deployed state,
the mesh reflector establishes an equilibrium shape as a result of the
balance between the imposed boundary conditions provided by the
supporting frames and the predefined tensile stress within the reflector
membrane and boundary cables. Discovering the optimal equilibrium
form for the membrane reflector requires a rigorous form-finding pro-
cess, for which numerous methods have been developed over the past
several decades. A comprehensive review of these methods can be
found in [19]. Among them, the force density method (FDM) and the
finite element method (FEM) are most widely used in the form finding
of large deployable mesh reflector antennas [20].

The FDM was initially proposed for cable networks by Schek [21]
and subsequently enhanced by Maurin and Motro [22] to extend its
applicability to membranes. In recent years, FDM has been extensively
utilized and enhanced for the form finding of large deployable mesh
reflector antennas [23]. Tang and Li [24] developed an equivalent-force
density method by identifying the equivalent axial force density and
equivalent transversal force density to replace the prestress in triangu-
lar and quadrilateral membrane elements. Gu et al. [25] proposed an
approach to solve the equivalent problem of membrane stress based on
the virtual work principle, by which they extended the surface density

method to the form-finding of orthotopic membrane structures. Re-
searchers have also realized that the flexible deformation of supporting
frames has a significant influence on the nodal positions of the cable
networks, necessitating the inclusion of frame deformation in the form
finding procedure of cable networks. Yuan et al. [26] proposed a form
finding method to address the elastic deformation of the supporting
structures in large deployable mesh reflectors. Nie et al. [27] proposed
a form finding and design optimization approach for cable network
structures with flexible frames. The deformation of cable networks and
supporting frames are coupled to model the equilibrium state in an
optimization model. Liu et al. [28] combined the force density method
with the nonlinear finite element method to account for the geometrical
nonlinearity and flexible deformation of the deployable ribs in the form
finding design procedure of cable networks.

Although the FDM has been well developed and widely employed
in surface accuracy analysis for large deployable reflector antennas,
most of the existing analyses have focused on the form finding of
pretensioned cable networks for loop mesh reflector antennas, with the
AstroMesh reflector antenna [29] serving as an example. The form find-
ing and surface accuracy analysis of umbrella-like rib-mesh antennas
have remained largely unexplored. For an umbrella-like antenna, the
mesh reflector can be directly supported by the parabolic radial ribs,
and the boundary cables are only utilized for maintaining the form of
the membrane. The FEM offers an alternative approach for determin-
ing the equilibrium form of umbrella-like antenna reflector [14,30].
Nonlinear FEM is particularly effective in solving the nonlinear de-
formation of membranes, cables, and flexible frames under predefined
stress states [31]. A significant challenge in using FEM for form-finding
problems is that tensile structures often deform under uniform stress,
resulting in an altered, non-uniform stress distribution. Consequently,
achieving a uniformly distributed stress state in equilibrium typically
requires multiple iterations to refine the geometry [32]. Optimization
algorithms can used to facilitate these iterations, which however entails
a substantial computational cost [20,27,33,34]. Bletziner et al. [35,36]
proposed an updated reference strategy that addresses the form find-
ing task by iteratively updating the reference configuration with the
deformed configuration until the stresses in tensile structures converge
uniformly. The idea has been widely integrated with nonlinear FEM and
applied to solve form-finding problems of cable-membrane structures in
both civil engineering [1,37,38] and aerospace engineering [14,39,40].

To efficiently address the form-finding of umbrella-like reflector
antennas, this paper integrates the nonlinear FEM method with the
commercial software ABAQUS, utilizing Python scripts to automate
the iteration procedure. The fundamental mechanics principles and
implementation details of the method are documented, followed by
solving several benchmark cases to validate its accuracy and efficiency.
Subsequently, the proposed method is employed to conduct form find-
ing of umbrella-like mesh reflector antennas, focusing on evaluating the
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effect of key structural design parameters on the surface accuracy of
the antenna. The design parameters investigated in this paper include
the number and rigidity of radial ribs, the magnitude and anisotropy of
pretension stress in the membrane, and the amount of pretension force
applied to the boundary cables.

The remaining parts of the paper are organized as follows. Sec-
tion 2 provides an overview of the continuum mechanics description
and finite element implementation details integral to the iteratively
updated reference strategy for form-finding. Section 3 presents a series
of numerical examples solved through the proposed method for verifi-
cation and validation. In Section 4, the method is applied to conduct
surface accuracy analyses of umbrella-like rib-mesh reflector antennas.
Parametric studies are performed to study the effect of several key
design parameters on the surface accuracy performance of the antenna.
Finally, the paper concludes with Section 5, summarizing the key
contribution and insights derived from the study.

2. Methodology
2.1. Fundamental mechanics

Tensile structures, such as cables and membranes, rely on tension
stress to maintain their shape and structural integrity. These structures
are typically tensioned and supported by frames to create a stable form.
However, the equilibrium shape of tensile structures is not initially
known and needs to be determined. Form finding is the method to
determine the equilibrium shape of tensile structures concerning a
specifically prescribed tension stress state and given boundary condi-
tions. As the equilibrium shape is unknown, form finding involves an
iterative process to refine the geometry of the structure until it reaches
a state where all forces are in equilibrium and the structure satisfies
the prescribed tension stress and boundary conditions. The iterative
process begins with defining the desired tension stress distribution to
an initial reference configuration. The initial reference configuration
satisfies the boundary conditions and serves as a starting point for
further iterations. The response of tensile structures is assumed based
on the hypothesis of large displacements, large rotations, but small
strains, and the material behavior can be modeled using the St. Venant—
Kirchhoff material model [36]. Let F = 0dx/0X be the deformation
gradient, mapping a material point from the reference position X to
its current position x, and J be its determinant, J = det F. The strain
energy density of the St. Venant—Kirchhoff material is given by

W) = A + ptr(E?) &)

where E = %(FTF —I) is the Green-Lagrange strain tensor. A and u
are the Lamé parameters, which are related to the material property

through Young’s modulus E and Poisson ratio v by 1 = ﬁ and
u= ﬁ The second Piola—Kirchhoff stress S is given by
oy
=—= E)I+2uE 2
S op = ATEI+2u (2
The Cauthy stress tensor is then obtained as
1 T
=-F-S-F 3
o= 3)

which establishes equilibrium at the current configuration in the ab-
sence of body forces by satisfying

Div 6 = 0. ()]

It should be noted that although the Cauthy stress o achieves
equilibrium at the current configuration, it usually results in a non-
homogeneous distribution due to the deformation of the material.
Recall that the fundamental objective of form finding is to identify
an optimal configuration that achieves equilibrium while preserving
the prescribed homogeneous internal stress. This intricate task neces-
sitates iterative procedures to systematically update the configuration
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until the sought equilibrium configuration with the prescribed stress is
attained. The basic idea of the iteratively updated reference strategy
method is illustrated in Fig. 2. First, a homogeneous internal stress
S is applied to the initial reference configuration €. The material
undergoes deformation, transitioning the reference configuration to
the current configuration by solving the static equilibrium. Next, the
current configuration is designated as a new reference configuration
£,, on which the non-homogeneous Cauthy stress is removed, and the
homogeneous stress state S is applied once again. This process iterates
until the deformation converges to a sufficiently small value, i.e., the
deformation gradient F approaches the identity matrix I, and the calcu-
lated Cauthy stress o approximates the prescribed homogeneous stress.
The final configuration £, represents the optimal equilibrium shape
that achieves equilibrium with the prescribed homogeneous stress state.

2.2. Finite element implementation

The above-described form finding theory has been implemented
in the commercial finite element code ABAQUS with the help of the
scripting interface. This section provides details on the implementation
of the method, including the modeling of cable, membrane, and frame
elements, as well as the intricacies of the form finding strategy.

2.2.1. Cable

The cable is modeled as a linear elastic material characterized
by its elastic modulus E and Poisson ratio v. It behaves like a rod
when subjected to a tensile load but loses stiffness upon reaching
compression. In ABAQUS, truss elements are employed to represent the
cable, and the “no compression” material option is utilized to negate
the material stiffness in compression. The pretension force in the cable
is induced through the use of a virtual temperature change load AT in
conjunction with a fictitious coefficient of thermal expansion (CTE) a.
The thermal strain £e™ in the cable along its longitudinal direction is
given as

gtherm — o AT, 5)

Considering a scenario where the cable is constrained at both ends, see
Fig. 3(a), the total strain ¢ in the cable is the sum of its mechanical
strain £"°" and thermal strain 7", and equals 0.

£ = emech + gtherm =0 (6)

Using Hooke’s law, the internal stress induced in the cable can be
determined as

o= EEmECh — _Eerherm @

Combining Egs. (5) and (7), and considering that the tension force
T = 6 A, we can express the tension force in the cable as

T = —EAadAT 8)

where A is the cross-section area of the cable. Eq. (8) elucidates that
the pretension force in the cable can be introduced by applying a
virtual temperature load and an artificial CTE for the cable material.
The negative sign implies that the tension force shall be introduced by
inducing a decrease in temperature, supposing that a positive CTE is
assumed.

2.2.2. Membrane

The mesh reflector is modeled using membrane elements in
ABAQUS, which offer stiffness only in the plane of the element without
bending or transverse shear stiffness, i.e., the membrane is in a state of
plane stress. The pretension stress is also introduced by using virtual
temperature loads with the artificial CTE. As illustrated in Fig. 3(b),
the membrane features two in-plane directions, allowing for prescribing
distinct stress values along each direction. This flexibility can be
achieved by assuming two different CTEs tailored to the respective
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Fig. 2. Schematic of the nonlinear FEM method for form finding. The final optimal equilibrium shape of the tensile structure is obtained by iteratively updating the reference

configuration with an FEM-calculated deformed configuration.

(a)

AN

(b)

Fig. 3. Modeling pretension in the (a) cable and (b) membrane by applying virtual temperature loads and artificial CTEs of the tensile material.

directions. Herein, the CTEs along 1- and 2-directions are denoted as
a; and a,, respectively. When the membrane undergoes a temperature
change of AT, the resulting thermal strains in the two directions are
given by

E’lhe"” = a;AT and e’zhe’m = a,AT. 9

Assuming the membrane is fully constrained at all boundary edges,
resulting in zero total strains in both directions, the mechanical strains
are expressed as

emech - _Etlherm

1 and et = —lferm, (10)

Then, for a linear elastic material characterized by Young’s modu-
lus E and Poisson’s ratio v, the generalized Hooke’s law relates the
mechanical stress and strain for the plane stress state as follows

_ E mech vE mech
TR P an
and

_ vE mech E mech
0y = — VZE] + m&z . (12)

A combination of Egs. (9)-(12) gives rise to the expression of internal
stress
ap +apv

2 EAT, 13)
-V

o] =
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Fig. 4. Flowchart of the nonlinear FEM method for form finding.

and

av+a
o2
In a specific scenario where an isotropic stress is desired, i.e., 6| = 0, =
o, and a; = a, = a, the expression for the stress is given by

o = _ EadT (s)
1-v

Therefore, by using Egs. (13)-(15), any isotropic or orthotropic desired
pretension stress state can be generated by carefully choosing the
temperature change load and CTEs of the membrane material. Finally,
it is essential to highlight that the temperature load, in this context,
is a virtual process with no actual physical thermal consequences;
instead, it serves as a method to impose pretension in tensile structures
effectively [30].

EAT. a4

0y =

2.2.3. Frame

The frame serves as a supporting structure for the cable and mem-
brane. Depending on the specific modeling requirements, ABAQUS
provides the flexibility to represent the frame using various structural
elements such as beams, shells, or continuum elements. This adaptabil-
ity allows for the selection of a suitable element type based on the
desired level of detail and accuracy in the structural analysis. The frame
can be treated either as a rigid or deformable body by enabling or
disabling the *Rigid Body constraint. Finite element nodes are shared
among the cable, membrane, and frame at the connecting boundaries,
and their connections are defined using the *Tie constraint.

2.2.4. Form finding strategy

The form-finding strategy has been integrated into ABAQUS/
Standard, utilizing nonlinear FEM to calculate static equilibrium in
each iteration. The analysis steps are as follows, with a flowchart
provided in Fig. 4:

(1) Initial Setup: Create the initial configuration and establish the
finite element model, including the cable, membrane, and frame. This
initial configuration serves as the reference state with no initial stress.

(2) Application of Internal Stress to Cable and Membrane: Apply
predefined internal stress to the cable and membrane. This is achieved
by assigning thermal expansion coefficients to the cable and membrane
and applying a virtual temperature change as the load.

(3) Nonlinear Static Analysis: Perform a nonlinear static analysis
to obtain the deformed equilibrium configuration and calculate the
stress redistribution in the cable and membrane. This analysis is con-
ducted using the nonlinear static general solver in ABAQUS/Standard.
After the simulation, stress redistribution occurs in the cable and mem-
brane, and the rib deforms if it is assumed to be flexible.

(4) Stress Distribution Check and Iteration: Verify if the stress
distribution closely matches the predefined internal stress. If it does,
stop the iteration and retain the equilibrium shape as the final form.
If not, initiate the iteration process by updating the configuration and
reapplying internal stress to the cable and membrane. Fig. 5 presents a
pseudocode for the model update process in ABAQUS. The coordinates
of all finite element nodes in the cable, membrane, and frame are
recorded and used to update the new configuration using the ABAQUS
script “editNode” to modify the mesh node coordinates. The stresses in
the cable and membrane are removed from the deformed configuration.
For the flexible frame, the deformed shape is updated, and the stress is
preserved using the “*Initial State” keyword. In contrast, for the rigid
frame, the stress distribution is not applied, and the frame shape is
retained. Once the configuration is updated, return to Step (2).

Repeat steps (2), (3), and (4) iteratively until the stresses in the
cable and membrane closely match the predefined internal stresses,
and there are minimal differences between the shapes of the structure
before and after deformation.

3. Numerical examples

This section provides verification and validation for the proposed
form finding method through several numerical examples. Two bench-
mark cases are considered, including form finding analyses of a two-
dimensional planar membrane with boundary cables and a three-
dimensional truncated conic surface. Then, the form finding analysis
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R e e +
| Pseudocode of Iteration Process (i = 1 to n) |
e e e e T T +
| 1. Create a new model by copying the previous one. |
| 2. Open the ODB file from the previous iteration. |
| 3. Update coordinates for components: |
| R et + |
| | For each component in ['membrane', 'cable', 'frame']: | |
| | - Get nodes and their coordinates from ODB file. | |
| | - Apply new coordinates to the current model. | |
| e e + |
| 4. Set initial state to include stress in the flexible frame. |
| 5. Define contact interactions among components. |
| 6. Regenerate the model assembly. |
| 7. Close the ODB file. |
| 8. Prepare and submit the job. |
R e e e e T +
Fig. 5. Pseudocode of iteration process for form finding in ABAQUS.
of a tent is presented to demonstrate distinctions between rigid frames Table 1
and flexible frames. Material properties of the cable and membrane for Example #1.
Cable Membrane
3.1. Form finding of cable-membrane structures without frames Young’s modulus E, = 20 GPa E, = 2.17 GPa
Poisson ratio v, =03 v, = 0.34
Coefficient of thermal expansion a, = —2.0e—06/°C a,, = 29e—6/°C

First, two well-known shape finding cases are used to benchmark
the proposed method. The first example involves the form finding
of a planar square-shaped membrane reinforced with four boundary
cables. This example was previously analyzed by Tang et al. [24]
and Gu et al. [25] through an extended force density method. As
illustrated in Fig. 6(a), this example consists of a 100 mm x 100 mm
square-shaped membrane with four boundary cables adherent to the
edges of the membrane. The four corner points of the membrane are
fully constrained. The cables are discretized by linear truss elements
(element type T3D2 in ABAQUS) with a circular cross-section of 1.0 mm
diameter, and the membrane is modeled with four-node quadrilateral
membrane elements (element type M3D4R in ABAQUS) with a thick-
ness of 26.5 pm. The cables are subjected to a pretension force of 50 N,
while an isotropic pretension stress of 6| = o, = 1 MPa is assumed in the
membrane. Both the cable and membrane are treated as linear elastic
and isotropic materials, and their respective material properties are
summarized in Table 1. Then the form finding was performed using the
proposed strategy. Fig. 6(b) displays the final configuration achieved
through the form finding process, which matches well with the result
predicted by the extended force density method reported in [25]. Stress
values at each element node in the membrane were extracted during
the iterations, and their root mean square error (RMSE) was defined to
quantify the uniformity of the stress distribution. Fig. 6(c) shows the
convergence process of RMSE of the Cauthy stress in the 1-direction,
with the expression defined as follows.

no D — )2
RMS E,, = M (16)
where ¢, represents the predefined value of the internal stress in
1-direction, ¢,; denotes the FEM calculated Cauthy stress value at
each element node in the membrane at the equilibrium state of each
iteration, and » is the number of nodes in the membrane. It can be seen
from Fig. 6(c) that the RM SE,, gradually approaches approximately
zero with increasing iterations, indicating the convergence of the stress
distribution in the membrane to a uniform state of the prescribed 1
MPa, as also evidenced by the inserted FE snapshots. It is noteworthy
that the stresses in the 1-direction and 2-direction are identical in this

example because of the symmetric geometry and the isotropic internal
stress assumption. Additionally, the pretension force in the cable was
extracted to evaluate its convergence. The RMSE of the pretension force
in the cable is defined similarly as follows:

noF_FQ2

RMSEp = M% a7
where F represents the predefined tension force in the cable, F is
the tension force at each element node of the cable extracted from
the FEM results, and » is the number of nodes in the cable. Fig. 6(d)
illustrates the convergence of the RMSE of the pretension force in the
cable, showing that as the iterations progress, the RM S E gradually
approaches zero, and the tension force in the cable stabilizes at a
predefined uniform value of 50 N. Finally, we note that in our tests,
the 300 iterations required for convergence, as shown in Fig. 6, take
approximately 1 h to complete on a PC equipped with an Intel(R)
Xeon(R) Silver 4216 CPU @ 2.10 GHz. Although the convergence speed
of the proposed nonlinear FEM method is slower than that of the
FDM [24,25], the method is developed within commercially available
FEM software, making it more user-friendly and easily accessible. With
all the scripts made publicly available, we expect our work to facilitate
interaction between academia and industry.

The next example consists of the form finding of a three-dimensional
truncated conic surface [41]. As shown in Fig. 7(a), the membrane is
stretched on two coaxial rigid rings with radius ¢ = 8 m and » = 40
m respectively, forming a truncated conic surface with a thickness of
t = 1 mm and a height of A~ = 18.3395 m. The membrane is assumed
as a linear elastic and isotropic material, characterized by a Young’s
modulus of 0.25 GPa, and a Poisson’s ratio of 0.34. In theory, when a
uniform prestress, i.e., 2.5 MPa, is applied to the membrane, the formed
surface will be a minimum surface [42], with analytical expression is

Z=—a@uVX2+Y2+VX2+Y2—ﬂ)—m4+h (18)
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Fig. 6. Form finding of a planar cable-membrane structure. (a) Initial configuration showing geometry and boundary conditions. (b) Final configuration obtained from form finding
at the iteration of n = 300. (c) Iteration process of the internal stress in the membrane. (d) Iteration process of the pretension force in the cable.

and
h=a [ln(b Ve —a) - lna] (19)

Fig. 7(b) shows that the numerical form finding results are in excellent
agreement with the analytical results. Figs. 7(c) and 7(d) give the
iteration process of the radial and hoop stress, respectively. As the
iteration progresses, the RMSE, and RMSE,, both converge to
approximately zero, and the final stress distribution precisely matches
the required prestress state.

3.2. Form finding of cable-membrane structure supported with frames

With the accuracy of the proposed method validated, this section
moves on to simulating the form finding of a tent-like cable-membrane
structure supported with frames. This example illustrates the differ-
ence between rigid-frame and flexible-frame boundary conditions in
determining the optimal equilibrium shape of the cable-membrane
structures. We note that Tang and Li [24] previously examined a similar
example using an equivalent force density method; however, in their
study, the effect of frames’ rigidity was not discussed. Fig. 8(a) shows
the initial geometry of the tent. It consists of a hexagonal pyramid with
a height 4 of 1 m, and a base side length » of 1 m. Fig. 8(b) depicts
the finite element mesh of the tent-like cable-membrane structure. The
base sides are represented by boundary cables, the lateral edges are
supporting ribs that serve as frames, and the triangular lateral faces are
characterized by membranes. The material and geometric parameters of
the cable, membrane, and frame are given in Table 2. We would like to
clarify that the material properties listed in Table 2 are sourced from
Refs. [14,43]. Specifically, the cable material is Kevlar Aramid Rope,
the frame material is SUS 301 steel, and the membrane is a metallic
mesh net fabric. For numerical representation, the cable and membrane

are discretized by truss and membrane elements, respectively. The
frame is discretized by shell elements (element type S4R in ABAQUS).
All vertices of the pyramid were fully constrained. A pretension force of
50 N was applied to each boundary cable, and an isotropic prestress of
0.1 MPa was applied to each membrane. Following this, the form find-
ing analysis was conducted. In this example, two cases were simulated
for making a comparison, one with the rib treated as a rigid frame and
the other with the rib considered as a flexible frame.

Fig. 9(a) presents the iteration process of the RMSE of membrane
stress, with ¢|; and o,, indicating the radial and hoop stresses, re-
spectively. The results show that the membrane stress stabilizes at a
uniform state of 0.1 MPa as RM SE, approaches 0. Fig. 9(b) displays
the RMSE of cable force, indicating that the cable force converges to
a uniform value of 50 N, with RM SE approaching 0. The inclusion
of frame deformations in the iterative form finding process slows down
the convergence speed for the flexible frame-supported tent compared
to the rigid frame-supported one. Fig. 10 provides a comparison of
membrane stress redistribution during form-finding iterations between
the tent supported by rigid frames and the one supported by flexible
frames. After sufficient iterations, both tents achieve nearly uniform
membrane stress distribution. Fig. 11 shows the deformation of flexible
frames at the final equilibrium form, along with corresponding coordi-
nate details. It is shown that the flexible frame undergoes a deflection
of approximately 2.02% at the midpoint. We acknowledge that the
equilibrium form of cable-membrane structures and the deformation
of flexible frames are highly dependent on the prestress applied to
the cable and membrane, as well as the elastic modulus of the frame.
Further elaboration on this aspect will be provided in the subsequent
section.
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Fig. 12. Configuration of the umbrella-like rib-mesh reflector antenna. (a) Schematic illustrating the antenna dimensions. (b) Finite element mesh representation of the antenna.

(c) Cross-sectional geometry of the antenna rib.
4. Surface accuracy analysis of umbrella rib-mesh reflectors

Having validated the accuracy and efficiency of the proposed form
finding method, this section proceeds to its application for perform-
ing surface accuracy analysis of the umbrella-like rib-mesh antenna.
Emphasis is placed on highlighting the effect of key structural design
parameters such as the number and rigidity of the rib, the amount
of tension force in the boundary cables, as well as the magnitude
and anisotropy of the membrane stress on the surface accuracy of the
antenna.

4.1. Design of the antenna

Fig. 12(a) shows the geometric configuration of the umbrella-
like rib-mesh reflector antenna considered in this study. It features a
parabolic membrane surface defined by a focus length F of 225 mm,
an aperture diameter D of 500 mm, and an inner diameter d of
50 mm. The membrane is supported by several parabolic ribs at its
bottom and is tied to the boundary cables at its inner and outer
edges. Fig. 12(b) illustrates the finite element mesh representation
of the antenna, including membranes, supporting ribs, and boundary
cables. Each radial rib possesses a C-shaped cross-section, as shown in
Fig. 12(c), sweeping along the parabolic curve on the top edge. The
material properties of the cable, membrane, and rib are the same as
given in Table 2. These parameters are adopted from Wu et al. [14,44],
where the authors fabricated a 0.5-meter wrapped-rib mesh reflector
antenna for deployment testing and surface accuracy characterization.
The antenna utilized a stainless steel wire mesh for its reflector surface,
stainless steel for its ribs, and Kevlar fiber for its boundary cables.

4.2. Effect of number and rigidity of ribs

In this section, we start by investigating the effect of the number
and rigidity of ribs on the antenna’s surface accuracy by considering
multiple simulation cases. In these simulations, an isotropic membrane
stress of 0.1 MPa was assumed, and the pretension force for the inner
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and outer boundary cables was set to 0.1 N and 1.0 N, respectively. The
rib number varied from 8, 16, to 24 for comparison, with both rigid
and flexible rib assumptions considered. Fig. 13 demonstrates the form
finding results of the umbrella-like antenna. The results reveal that the
membrane stress distribution tends to become more uniform as the
number of ribs increases for both the rigid-rib and flexible-rib antennas.
Fig. 13(b) also illustrates the von Mises stress distribution of the flexible
ribs in the final equilibrium form. It is noticeable that as the number
of ribs increases, the maximum von Mises stress in the rib materials
decreases. Moreover, the maximum von Mises stress is measured at
152.3 MPa for n,;, = 8, significantly below the yield strength of the
rib material, which consists of SUS301 SEH stainless steel with a yield
strength of 700 MPa [43].

Next, the surface accuracy of the antenna is quantified by the
following equation, which assesses how closely the form-finding surface
approximates the ideal parabolic shape [45].

Z?:l AZ - )
i A
where 4; is the projected area of each finite element on the X-Y plane,
Z; = ﬁ(xiz_,_ y?) represents the ideal z coordinate of the element centroid
calculated using the parabolic equation with the focus length F, and
x;, ¥;, and z; are the coordinates of the element centroid extracted
from the form finding procedure, and n denotes the total number of
elements on the membrane. The iteration processes of RMSE for the
antennas characterized by different numbers and rigidity of ribs are
compared in Fig. 14, and the RMSE values at the final equilibrium
form are summarized in Table 3. It is shown that the RMSE for all
cases converges to a stable level after 100 iterations. However, the
RMSE value significantly depends on the number and rigidity of the
ribs. As the number of ribs increases, the RMSE becomes smaller,
indicating a better surface accuracy of the antenna. Additionally, the
flexible-rib antenna exhibits a larger RMSE, indicating worse surface
accuracy compared to the rigid-rib antenna. This can be attributed to
the deformation of the flexible ribs under the pretension stress and

forces in the membrane and cables.

RMSE = (20)
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Fig. 13. Effect of the number and rigidity of ribs on the form finding results of the umbrella-like rib-mesh antenna. (a) Rigid-rib antenna. (b) Flexible-rib antenna. The respective
numbers of ribs are 8, 16, and 24, from the left to the right. The FE snapshots show the membrane stress distribution after 100 form finding iterations. Deformation snapshots of

the flexible ribs are also provided, along with the von Mises stress distribution.

Table 3
Effect of the number and rigidity of ribs on the surface accuracy error RMSE of the
antenna.

RMSE [mm]
Number of ribs Rigid rib Flexible rib
8 5.59 6.31
16 1.66 2.21
24 0.78 1.24

4.3. Effect of pretension stress magnitude in membrane and cable

Next, the investigation considers the effect of the magnitude of
prestress in the membrane and pretension forces in the boundary
cables. In these cases, the number of ribs is fixed at 16, and the flexible
rib assumption is utilized. Three sets of membrane stress, o, = 0.1,0.15,
and 0.2 MPa, along with three sets of pretension forces in cables,
Tyy =01 N&Toyr =10N, Ty =01 N& Toyp = 0.1 N, Ty = 1L.ON
& Toyr = 1.0 N, result in a total of nine simulation cases. The iteration
processes of surface accuracy error RMSE of these antenna cases are
shown in Fig. 15. The stress distributions in the membrane at the final
equilibrium form obtained through form-finding are shown in Figs. 16
and 17, with the surface accuracy error RMSE values summarized in
Table 4. It can be observed from the results of each column that as the
membrane stress increases, the surface accuracy error RMSE slightly
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increases, indicating a worse surface accuracy. This is because a larger
membrane stress causes more significant deformation of the radial ribs.
By comparing the results within each row, it can be observed that the
RMSE of the antenna for the case ;5 = 0.1 N and Ty = 1.0 N
is almost the same as that of the case T,y = 1.0 N and Ty = 1.0
N. This suggests that the pretension force in the inner cables has a
limited effect on the surface accuracy and stress distribution of the
antenna. Furthermore, by comparing the results for the case 7,y =
0.1 N and Tyyr = 1.0 N to the case Ty = 0.1 N and Tpyr = 0.1
N, it becomes evident that the pretension force in the outer cables
significantly impacts the surface accuracy and stress distribution of
the antenna. A smaller pretension force in the outer cables leads to a
smaller RMSE but a larger RMSE,, indicating that a smaller pretension
force in the outer cables results in slightly better surface accuracy
but worse stress distribution uniformity. Fig. 18 presents deformation
snapshots of the flexible ribs at the final equilibrium form along with
the von Mises stress distribution. It illustrates that higher membrane
prestress results in increased stress distribution in the ribs, yet the
maximum von Mises stress remains well below the material’s yield
strength.

4.4. Effect of membrane stress anisotropy

In this section, we explore the effect of membrane stress anisotropy
on the antenna’s surface accuracy. It should be noted that the mesh
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Table 4

Effect of boundary cable tension and membrane stress on the surface accuracy error
RMSE of the antenna.

RMSE [mm]
T;y = 0.1IN T;y = 0.IN T;y = 1.ON
Toyr = 1.0N Toyr = 0.1IN Toyr = 1.ON
6, = 0.10 MPa 2.21 2.19 2.21
6, = 0.15 MPa 2.29 2.27 2.29
6, = 0.20 MPa 2.35 2.34 2.35

membrane comprises metal wires arranged in specific weaving pat-
terns. The mechanical behavior of the membrane depends on various
factors including the metal properties, weave pattern, wire diameter,
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and surface treatment, which can be usually anisotropic. The anisotropy
level of the mesh can vary depending on the weave patterns, e.g., plain-
wave fabric typically exhibits significant isotropy, while weft-knitted
and wrap-knitted fabrics can demonstrate substantial anisotropy [7,46—
48]. Specifically, Li et al. [7] analyzed the orthotopic elastic properties
of a two-bar tricot mesh reflector with the method of fractal mechanics
analysis of wire meshes. Zhang et al. [48] characterized the anisotropic
elastic modulus of wrap-knitted wire mesh through a combination of
biaxial tensile simulation and experiment. They utilized the nonlinear
FEM method to explore the influence of the wire mesh’s anisotropic
properties on the form-finding design results of an AstroMesh antenna.
In this section, although the membrane is assumed isotropic in modu-
lus, we can introduce an anisotropic membrane stress into the model for
exploration. We consider five antenna configurations with 16 flexible
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Fig. 16. Effect of the tension force in the inner and outer cables and the internal stress in the membrane on the form finding results of the umbrella-like rib-mesh antenna. The
FE snapshots show the distribution of membrane stress at the optimal equilibrium form along the radial direction.

ribs, where the pretension forces in the boundary cables are set to
T,y = 0.1 N and Ty, = 1.0 N. To introduce anisotropy in the mem-
brane, different membrane stress values are applied in the radial and
circumferential directions. Fig. 19 and Table 5 illustrate the significant
impact of membrane stress anisotropy on the surface accuracy error
RMSE of the antenna. In cases with identical radial stress, a higher
stress in the circumferential direction correlates with a reduced RMSE,
implying improved surface accuracy. Conversely, among cases with
consistent circumferential stress, a greater radial stress corresponds to
a higher RMSE, indicating poorer surface accuracy. Therefore, a larger
circumferential stress is preferred to obtain a better surface accuracy of
the antenna. This finding also corroborates the results reported by Wu
et al. [14]. Finally, the form finding results for these cases are depicted
in Fig. 20. It is evident that the radial membrane stress has a more
pronounced effect on the deformation of the flexible ribs compared to
the circumferential direction. This is indicated by the larger maximum
von Mises stress in the rib materials induced by the radial stress. We
also note that the largest von Mises stress observed is still well below
the yield strength of the rib material.

5. Concluding remarks

Deployable rib-mesh reflector antennas have been extensively uti-
lized for communication purposes in various space missions. This type
of spaceborne antenna typically comprises a mesh surface supported by
ribs and cables, forming a tensile cable-membrane structure supported
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Table 5
Effect of membrane stress anisotropy on the surface accuracy error RMSE of the antenna.
Membrane pretension [MPa] RMSE [mm]
Radial tension, o, Circumferential tension, o,
0.10 0.20 2.05
0.10 0.15 2.09
0.10 0.10 2.21
0.15 0.10 2.43
0.20 0.10 2.64

with frames. Surface accuracy, which assesses how closely the deployed
mesh surface approximates the ideal parabolic shape, is a critical factor
that determines the electrical performance of the antenna. The surface
accuracy of the rib-mesh reflector antenna could be dependent on the
membrane stress state, the pretension force within the boundary cables,
as well as the deformation of the supporting ribs. Form finding is an
essential method for determining the optimal equilibrium shape and
the surface accuracy of the mesh surface under a prescribed internal
stress state. However, most existing form finding studies on rib-mesh
reflectors have focused on loop mesh reflector antennas, which rely
on the form finding of cable networks. The form finding analysis for
umbrella-like parabolic rib-supported mesh reflector surfaces remains
largely unexplored.

The paper develops a nonlinear FEM code that addresses the form
finding of cable-membrane structures supported by flexible frames.
The fundamental mechanics and the implementation details of the
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Fig. 17. Effect of the tension force in the inner and outer cables and the internal stress in the membrane on the form finding results of the umbrella-like rib-mesh antenna. The
FE snapshots show the distribution of membrane stress at the optimal equilibrium form along the hoop direction.

method were documented. Subsequently, form finding analyses of a
two-dimensional  planar cable-membrane structure and a
three-dimensional truncated conic surface were performed, and the re-
sults obtained using the proposed method matched well with literature-
reported results or analytical results, confirming the accuracy of the
proposed method. Following that, a tent-like frame-supported cable-
membrane structure was introduced for form finding to highlight dif-
ferences between rigid frame-supported and flexible frame-supported
cable-membrane structures, further validating the efficiency of the
method. Finally, the method was applied to conduct surface accuracy
analysis of an umbrella-like parabolic rib-supported mesh reflector
antenna. Parametric analyses were conducted to investigate the effects
of the number and rigidity of ribs, the magnitude and anisotropy of
membrane stress, and the pretension forces within boundary cables on
the antenna’s surface accuracy. The main findings are as follows: (i)
Increasing the number of ribs improves surface accuracy, and a rigid-
rib antenna outperforms a flexible-rib antenna with identical design
parameters. (ii) The pretension force within the inner boundary cables
has a negligible effect on stress distribution and surface accuracy,
whereas higher pretension force in outer boundary cables improves
stress distribution uniformity but slightly reduces surface accuracy.
(iii) Greater membrane stress in the circumferential direction results
in improved surface accuracy, while greater membrane stress in the
radial direction reduces surface accuracy.

The main contributions of this paper are as follows. First, the
iterative form-finding method has been successfully integrated into the
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commercial FEM software, ABAQUS, via the Python scripting inter-
face. This integration automates the iterative equilibrium calculations
required for the form-finding process, significantly enhancing overall
efficiency. We have provided detailed implementation steps and made
the source code for a set of benchmark numerical examples openly
accessible, offering a user-friendly and easily customizable tool for
scientists and engineers. Additionally, the method has been applied to
analyze form-finding and surface accuracy in umbrella-like rib-mesh
reflectors. Parametric studies were conducted to highlight the influence
of key design parameters-such as the number and rigidity of ribs,
the magnitude and anisotropy of membrane stress, and the pretension
force in boundary cables-on the antenna’s surface accuracy, providing
valuable insights for the design of umbrella-like rib-mesh antennas.
Moreover, we note that designing a self-deployable flexible rib
umbrella antenna for real-world applications involves meeting several
key requirements: the distribution of pretension forces and stresses in
the boundary cables and mesh membranes, the surface accuracy of
the deployed reflector, and the folding and deployment capability of
the system. Our current work primarily addresses the first of these re-
quirements through the form-finding analysis, achieving an equilibrium
form that balances the uniform stresses in the cable and mesh with
the deformation of the flexible ribs. This uniform stress distribution
is crucial for determining the overall stiffness of the system, as the
stiffness of the mesh and cable is directly influenced by the tension
stress [49]. However, the equilibrium form may present challenges
related to surface accuracy due to rib deformation, as well as issues
with the folding and deployment behavior of the antenna. Future work
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Fig. 18. Deformation snapshots depict the von Mises stress distribution of the flexible ribs at the optimal equilibrium form.
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Fig. 19. Effect of membrane stress anisotropy on the iteration process of the surface
accuracy error RMSE of the antenna.

may focus on designing the geometric design and material parameters
of the ribs, mesh, and cables to ensure that the equilibrium state
achieved through form-finding meets the required surface accuracy.
This can be achieved through an inverse optimization method that
would use the surface accuracy of the reflector as the objective and
the design parameters of the ribs, mesh, and cables as design variables,
as highlighted in studies such as [14]. In addition, another research
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direction would be to investigate the folding and deployment behavior
of the ribs, mesh, and cables. The rib design must allow for compact
folding without material failure, ensuring that it can store sufficient
strain energy in the stowed state and deploy effectively to open the
mesh and cable [10,50]. We believe our work provides a valuable
method that can facilitate surface accuracy optimization and contribute
to the design of umbrella-like antennas.

Finally, we acknowledge that the choice of initial reference configu-
ration is crucial for ensuring computational convergence and efficiency
in form-finding. In this paper, planar membranes are used as the initial
configuration to facilitate convergence. However, for more complex
cable-membrane structures-such as those with fixed anchor points at
different levels or involving non-minimal surfaces-the initial configu-
ration may not be straightforward, potentially leading to convergence
issues [34,51]. Such scenarios may require advanced initialization
techniques or additional iterative steps to achieve a stable solution.
Moreover, we recognize that the proposed FEM-based method holds
potential for addressing the form-finding of cable nets in AstroMesh-like
reflectors. This would, however, necessitate the development of specific
Python scripts, and the method might be less efficient compared to
the well-established Force Density Method (FDM). Nonetheless, given
the accessibility of commercial FEM software to engineers, it could be
worthwhile to explore and compare the accuracy and efficiency of this
approach against FDM in future studies.
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Fig. 20. Effect of membrane stress anisotropy on the form finding results of the umbrella-like rib-mesh antenna. The FE snapshots at the left and middle show the distribution of
membrane stress at the optimal equilibrium along the radial and hoop directions, respectively. The FE snapshots at the right panel show the von Mises stress distribution of the

flexible ribs.
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