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A B S T R A C T

Space deployable structures made of thin-ply fiber-reinforced composite laminates exhibit significant time-
dependent mechanical behaviors, including stress relaxation, shape recovery, and permanent residual de-
formation throughout their service period. Currently, there is a lack of an appropriate composite laminate
model that is able to fully describe these phenomena. Here, we address this gap by proposing an anisotropic
viscoelastic–viscoplastic continuum constitutive model to capture the mechanical behavior of composite
deployable structures during folding, stowage, deployment, and recovery periods. The model adopts a
viscoelastic formulation based on the Boltzmann integral, coupled with a Hill-type rate-dependent viscoplastic
formulation. A detailed numerical implementation scheme using fully implicit integration with a two-step
viscoelastic predictor and viscoplastic corrector strategy is provided. The accuracy and efficiency of the
proposed model are validated against experimental results for both unidirectional and woven laminates.
Simulations accurately capture the rate-dependent nonlinear stress–strain response, creep response under
constant stress, and hysteresis loops in cyclic loading-unloading tests for single-ply lamina under various off-
axis loading directions. Importantly, the proposed method is the first to capture the experimentally observed
permanent deformation of real-world composite deployable structures, validated through column bending tests.
This advanced modeling and simulation capability significantly enhances the simulation and design of space
deployable structures.
1. Introduction

High-strain composites (HSCs) are extensively used in constructing
large-scale spacecraft mechanisms that fit into small volumes for trans-
port and then deploy in space. The applications include a variety of
large apertures such as spaceborne communication antennas, imaging
and sensing instruments, radar systems, solar power systems, solar sails,
and other structures that transition from small launch configurations to
much larger operational configurations (Murphey et al., 2015; Ma et al.,
2024, 2022; Wang et al., 2023). These structures are typically made
of thin-ply carbon fiber-reinforced laminates engineered to be foldable
and deployable. Before launch, they are compactly folded to minimize
space usage inside the rocket. The compact form will be maintained
during the journey to orbit. Once the spacecraft reaches orbit, they are
deployed to serve as supporting structures for constructing the afore-
mentioned space mechanisms. To achieve higher packaging efficiency,
the HSC-enabled deployable structures often experience high-strain
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deformation when being folded and stowed. Ultra-thin plies and spe-
cific structural designs, such as cut-outs and collapsible cross-sections
of booms, are specially designed to prevent material failure when
undergoing these high-strain deformations (Liu et al., 2024).

During the service life of composite deployable structures, they
undergo several distinct deformation stages, each with different time
scales ranging from seconds and minutes to months and even years.
Understanding these stages and the associated rate (time-) dependent
behaviors is essential for predicting and designing the performance
of HSC deployable structures in space applications. These stages were
originally summarized by Murphey et al. (2015). Here we present a de-
tailed description of the service life of composite deployable structures,
illustrated in Fig. 1, as follows:

(i) Fabrication: The composite laminates are fabricated to form the
initial, intended shape, setting the baseline geometric configuration and
mechanical properties of the deployable structure. According to the me-
chanics of composite materials, the effective properties of the laminates
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data mining, AI training, and similar technologies. 
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Fig. 1. Typical mechanical response of composite deployable structures during service life (this image is modified from Murphey et al. (2015)).
are anisotropic and can be determined by the properties of constituent
fibers and polymers, as well as the micro and mesoscale arrangement
of these materials. Fibers are typically considered purely elastic and
transversely isotropic, while polymers exhibit isotropic, viscoelastic,
and viscoplastic behaviors (Kim and Cho, 1992; Zhang et al., 2022). As
a result, the composite laminate exhibits an anisotropic, viscoelastic,
and viscoplastic behavior on a macroscopic scale.

(ii) Folding: The structure is folded into a compact state through a
deformation-controlled loading process, with bending being the most
commonly used deformation method. Although the folding process is
typically slow (quasi-static), it may still exhibit rate-dependent behav-
ior due to variations in loading rates, influenced by the viscous nature
of the composites. During folding, strain energy is stored in the elastic
deformation of the structure.

(iii) Stowage: Once folded, the structure is held in the compact
state for an extended period, which may last from several days to
months, depending on the duration of the spacecraft’s journey to orbit.
This prolonged constant deformation can result in significant stress
relaxation due to the viscous nature of the composites, leading to a
reduction in the stored strain energy (Kwok and Pellegrino, 2017; An
et al., 2022). Additionally, plastic strains are also accumulated during
this stowage period as the material yields (Yapa Hamillage et al., 2022;
Ma et al., 2024; Guo et al., 2023).

(iv) Deployment: When the constraints holding the structure in
its folded state are removed, the structure deploys. This deployment
process can be either quasi-static, driven by external mechanisms in a
slow and controlled manner, or transient dynamic, driven by the rapid
release of stored strain energy, typically occurring quickly and dynami-
cally (Deng et al., 2024; Firth and Pankow, 2020). During deployment,
elastic deformation is recovered immediately, while viscous and plastic
deformations are not.

(v) Recovery: After deployment, the structure enters a load-free
state and undergoes a prolonged recovery period. During this recovery
period, the viscous deformation of the structure gradually recovers,
while the plastic deformation remains as permanent deformation (Guo
et al., 2023).

Fig. 2 illustrates the concepts for modeling the structural behaviors
of composite deployable structures throughout their complete service
life. The most critical physical phenomena that need to be addressed
include the rate-dependent folding and deployment behavior, stress
relaxation and accumulation of plastic strains during stowage, and the
time-dependent recoverable deformation and permanent plastic strains
during and at the end of the recovery period. Table 1 summarizes
2 
the efficiency and shortcomings of various orthotropic constitutive
models for laminates in terms of describing the mechanical behav-
iors of composite deployable structures. These models can be catego-
rized into the following types: elastic (E), viscoelastic (VE), elastic–
plastic (E–P), viscoelastic–plastic (VE–P), elastic–viscoplastic (E–VP),
and viscoelastic–viscoplastic (VE–VP). E models can be used to cap-
ture the folding and deployment behavior and do not consider rate-
dependent effects. VE models add time-dependence, making them suit-
able for rate-dependent folding and deployment, as well as stress re-
laxation during stowage and time-dependent recoverable deformation
during recovery. P models add the capability to capture the permanent
deformation generated at the fully folded state, which is also the
permanent deformation at the end of the recovery period. VP models
further add time-dependent plasticity, which reflects the increased
accumulation of plastic deformation as stowage time increases in the
stowage state.

Numerous efforts over the decades have been devoted to developing
constitutive models to accurately simulate the behavior of deployable
structures throughout different stages of their service life. In earlier
works, the folding and deployment behaviors of these composite struc-
tures were primarily studied and described using purely elastic (E)
laminate models. This approach was appropriate as the folding and de-
ployment stages typically involve quasi-static loading conditions where
the time-dependent effects of viscosity and plasticity were considered
negligible. In this area, the fiber and matrix of composites are treated
as purely elastic materials, and the effective elastic properties of lamina
and laminates can be readily computed using micromechanics homoge-
nization methods. Common approaches include Representative Volume
Element (RVE) analysis (Goda et al., 2013; Omairey et al., 2019; Jin
et al., 2024), Mechanics of Structural Genome (MSG) (Rouf et al., 2018;
Yu, 2019; Liu et al., 2017), and FE2 method (Ghosh et al., 1995; Feyel
and Chaboche, 2000; Coenen et al., 2012). These lamina properties are
then implemented to analyze the folding and deployment mechanics
of composite deployable structures. Research has also been devoted
to optimizing the design of the structures, such as cut-out optimiza-
tion of tape-spring tubular hinges (Ferraro and Pellegrino, 2021; Jin
et al., 2022; Liu et al., 2022) and cross-sectional shape optimization of
thin-walled coilable booms (Bai et al., 2024; Jia et al., 2021).

Recently, researchers have realized that the stowage period before
deployment significantly impacts the performance of deployable struc-
tures, especially when the stowage is prolonged and deployment is
driven by the release of stored strain energy (Kwok and Pellegrino,
2013). This is because that, the stored strain energy, which drives the
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Fig. 2. Thin-ply modeling concept for describing the structural behaviors of composite deployable structures.
Table 1
Summary of anisotropic constitutive models for composite laminates.
Model Folding & Deployment Stowage Recovery

Rate-dependent Stress relaxation Accumulation of
plastic strains

Recoverable
deformation

Irrecoverable
deformation

E NO NO NO NO NO
VE YES YES NO YES NO
E–P NO NO NO NO YES
VE–P YES YES YES YES YES
E–VP NO NO YES NO YES
VE–VP YES YES YES YES YES
dynamic deployment of the structure, can be significantly reduced due
to stress relaxation effects in the composites when the storage period
is extended. In this situation, a viscoelastic (VE) constitutive model is
necessary to accurately describe this stress relaxation phenomenon in
laminates. To achieve this, multiscale modeling methods are employed
to calculate the effective relaxation properties of lamina as function of
stowage time, allowing for the simulation of the anisotropic viscoelas-
tic behavior of composite structures. In these models, the fibers are
assumed to be linear elastic materials, while the matrix is considered
isotropic and linearly viscoelastic, described by a generalized Maxwell
model using the Prony series (Kwok and Pellegrino, 2017). The ef-
fective relaxation modulus of the unidirectional lamina is calculated
as a function of stowage time through microscale RVE analysis and
then fitted into Prony series. These time-dependent lamina properties
can be implemented in commercial finite element packages, such as
ABAQUS, using built-in functions to define the layup of the lami-
nates (Dassault, 2014), thereby simulating the macroscopic behavior
of unidirectionally laminated shells. For woven composites, a second
mesoscale homogenization is necessary to compute the stowage time-
dependent ABD matrix for the laminates, which can be programmed
into a user subroutine UGENS to simulate the macroscopic behavior
of woven laminated shells (Liu et al., 2018; Hamillage et al., 2022;
Rique et al., 2020). This multiscale method has been developed and
applied by various research groups to simulate the stowage effect on the
dynamic deployment performance of composite deployable structures,
including tape-springs (Brinkmeyer et al., 2016; Borowski et al., 2018;
Mao et al., 2017), tape-spring tubular hinges (Fernandes et al., 2021;
3 
An et al., 2022), thin-walled lenticular tube booms (Guo et al., 2023;
Deng et al., 2024), and other configurations (Klimm and Kwok, 2020).
Moreover, researchers have also attempted to use the VE models to sim-
ulate the recovery behavior of composite deployable structures (Long
et al., 2022a; Hamillage et al., 2024). However, these models encoun-
tered difficulties in capturing residual permanent deformation because,
for a VE material, the residual deformation always returns to the initial
state if the recovery time is sufficient.

On the other hand, predicting the permanent deformation of com-
posite deployable structures is crucial, as the recovery accuracy of the
structure in the deployed configuration significantly impacts the perfor-
mance of specific space deployable mechanisms such as communication
antenna reflectors, imaging and sensing instruments, and radar systems.
To achieve this, it is necessary to develop a viscoelastic–viscoplastic
(VE–VP) constitutive model for the laminates, which accounts for the
accumulation of plastic deformation during the stowage periods as well
as permanent deformation after the long-term recovery period (Salazar
and Fernandez, 2021; Ubamanyu et al., 2020; Yapa Hamillage et al.,
2022). An intuitive method is to extend the micromechanics modeling
method to calculate the anisotropic viscoelastic–viscoplastic properties
of the laminate by performing RVE analysis, treating the fiber as a
linear elastic material and the matrix as an isotropic viscoelastic–
viscoplastic material (Long et al., 2022b; Chen et al., 2022). However,
discretizing each micro and mesoscale architecture of the composite
is impractical and often infeasible when simulating the macroscopic
behavior of a deployable structure. It is urgent to develop a contin-
uum anisotropic VE–VP model that directly represents the macroscopic
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behavior of composite lamina. To the best of our knowledge, there
emains a lack of such a model that can accurately reflect the entire
ervice life of composite deployable structures. This paper aims to fill
his research gap by developing a comprehensive anisotropic VE–VP
ontinuum constitutive model for composite laminates.

Knowledge and advances in the field of composite mechanics pro-
ide the opportunity to develop such comprehensive continuum VE–VP
odels for anisotropic laminates. Relevant works on this topic may date

ack to the one-parameter flow rule for orthotropic plasticity proposed
y Sun and Chen (1989), which captures the orthotropic elastic–plastic

(E–P) behavior of unidirectional composites. Later, the model was ex-
tended by Sun and Gates (1990) to include elastic–viscoplastic (E–VP)
behavior, enabling simulation of the time-dependent plastic behavior
of orthotropic materials. Kawai and Masuko then carried out high-
temperature constant-stress creep tests (Kawai and Masuko, 2004) and
onstant-strain relaxation tests (Masuko and Kawai, 2004) on plain
oupon specimens of three types of angle-ply laminates, not only pro-
iding valuable experimental data but also validating the efficiency of
he E–VP laminate model based on the basic concept proposed by Sun

and Chen (1989). In addition, a similar modeling strategy has also
een extended to describe the orthotropic elastic–plastic (E–P) behavior
f woven composite laminates (Odegard et al., 2000; Ogihara and
eifsnider, 2002; Cho et al., 2010).

In the present work, an anisotropic VE–VP continuum model is
eveloped and applied to both unidirectional and woven composites,
iming to enhance the accuracy of simulations for the mechanical
ehaviors encountered throughout the operational lifespan of compos-
te deployable structures. The response of the composites comprises
 combination of VE and VP components. The VE part employs a
inear viscoelastic model expressed by Boltzmann’s hereditary integral,
apturing anisotropic behavior. The VP part uses a Hill-type equiva-
ent stress to model the anisotropic yield behavior. A computational
lgorithm with fully implicit integration, utilizing a return mapping
trategy based on a two-step VE predictor and VP corrector, is presented
n detail. The anisotropic VE–VP model is then implemented into
BAQUS by developing a user-defined material subroutine (UMAT).
 series of numerical simulations have been performed and compared
ith experimental tests to validate the accuracy and efficiency of the
roposed model for modeling unidirectional (UD) and woven single-ply
omposites. The proposed method and ABAQUS UMAT are then applied
o simulate the performance of a real-world deployable composite shell,
sing the ‘‘column bending tests’’ (CBT) designed and conducted by
ASA and their collaborators for further validation. To the best of

he authors’ knowledge, among existing laminate models, our model
s the first to fully capture both the relaxation effects and the residual
ermanent deformation of composite deployable structures.

The remaining content is organized as follows. Section 2 describes
he formulation of the anisotropic VE–VP continuum model. Section 3

presents the computational algorithms used for finite element calcu-
lations. Section 4 presents the numerical cases matched with experi-
mental results for validation and verification of the proposed model’s
ccuracy and efficiency. Section 5 applies the method to analyze the

folding, stowage, deployment, and recovery behaviors of a laminated
omposite shell, further validating the model’s ability to describe the
erformance of a real-world composite deployable structure. Finally,
ection 6 concludes the paper.

2. Viscoelastic–viscoplastic constitutive model formulation

The present model in this paper is based on an infinitesimal strain
framework, where the total strain tensor 𝜺 of the composites is decom-
posed into a recoverable viscoelastic strain tensor 𝜺𝑣𝑒 and an irrecover-
able viscoplastic strain tensor 𝜺𝑣𝑝:

𝜺 = 𝜺𝑣𝑒 + 𝜺𝑣𝑝 (1)
4 
This decomposition approach is widely used in modeling the nonlinear
mechanical behavior of composites and has some physical basis (Miled
t al., 2011; Jäger et al., 2015). Several studies have illustrated that
he nonlinear stress–strain behavior of carbon fiber-reinforced polymer
CFRP) primarily results from the plastic deformation of the poly-
er (such as epoxy resin) matrix. The deformation mechanism of

poxy resin can be divided into two parts: deformation (viscoelasticity)
nd fracture rearrangement (viscoplasticity) of the molecular network
hain Caruso et al. (2009), Nikolov et al. (2002).

2.1. Viscoelastic model

The relationship between the Cauchy stress tensor 𝝈(𝑡) and the
history of the viscoelastic strain tensor 𝜺𝑣𝑒(𝑠) for 𝑠 ≤ 𝑡 is described
via a linear viscoelastic constitutive model based on the Boltzmann
hereditary integral form:

𝝈(𝑡) = ∫

𝑡

0
𝑪(𝑡 − 𝑠) ∶ 𝜕𝜺

𝑣𝑒(𝑠)
𝜕 𝑠 𝑑 𝑠 (2)

where 𝑪(𝑡) is the fourth-order relaxation tensor, usually described in
he form of the Prony series:

𝑪(𝑡) = 𝑪∞ +
𝑛
∑

𝑖=1
𝑪 𝑖𝑒

−𝑡∕𝜌𝑖 (3)

where 𝑪∞ is the long-term elastic modulus, 𝑪 𝑖 is the weight, and
𝑖 is the relaxation time. The components in 𝑪(𝑡) are usually fitted
y the long-term relaxation test curves, and the mathematical form

of Eq. (3) is sufficient to characterize the anisotropic viscoelasticity
f the composites (Kwok and Pellegrino, 2017; Long et al., 2022a).
here are also various methods for identifying viscoelastic parameters

of composites based on RVE analysis and homogenization (An et al.,
2022; Hamillage et al., 2022), which will not be discussed in this paper.
Substituting Eq. (3) into Eq. (2) gives:

𝝈(𝑡) = 𝑪∞ ∶ 𝜺𝑣𝑒(𝑡) +
𝑛
∑

𝑖=1
𝑪 𝑖 ∶ 𝒒𝑖(𝑡) (4)

where:

𝒒𝑖(𝑡) = ∫

𝑡

0
𝑒−(𝑡−𝑠)∕𝜌𝑖

𝜕𝜺𝑣𝑒(𝑠)
𝜕 𝑠 𝑑 𝑠 (5)

2.2. Viscoplastic model

In the present work, viscoplastic strain tensor 𝜺𝑣𝑝 characterizes
he time-dependent irreversible deformation. The viscoplastic strain is
efined by the plastic flow rule:

𝜺̇𝑣𝑝 = 𝑝̇
𝜕 𝑓
𝜕𝝈

= 𝑝̇𝑵 (6)

where 𝑝 is the equivalent plastic strain, which represents a kind of norm
of the viscoplastic strain tensor. The function 𝑓 is the plastic potential
function, also referred to as the yield function in this study, due to
the consideration of the associated flow rule. This function defines the
shape of the yield surface and its evolution law during plastic flow.
The term 𝑵 in Eq. (6) represents the direction of plastic strain, and its
mathematical form indicates that this direction is normal to the tangent
plane of the yield surface. In the present study, the yield function is
defined as follows:

𝑓 = 𝑓 (𝜎𝑒𝑞 , 𝑟) = 𝜎𝑒𝑞 −
(

𝑟 + 𝑟0
)

(7)

where 𝜎𝑒𝑞 is the equivalent stress, representing a kind of norm of
the stress tensor corresponding to the equivalent plastic strain. The
quivalent stress is crucial as it characterizes the yield and plastic
low behavior of composites through its specific mathematical form,

commonly referred to as the yield criterion.
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Considering Hill’s earlier related work (Hill, 1998), we can express
he yield criterion with a general form as 𝐻 :
2𝐻(𝜎𝑖𝑗 ) =𝑎11𝜎2𝑥 + 𝑎22𝜎2𝑦 + 𝑎33𝜎2𝑧 + 2𝑎12𝜎𝑥𝜎𝑦 + 2𝑎13𝜎𝑥𝜎𝑧 + 2𝑎23𝜎𝑦𝜎𝑧

+ 2𝑎44𝜏2𝑦𝑧 + 2𝑎55𝜏2𝑥𝑧 + 2𝑎66𝜏2𝑥𝑦
(8)

where 𝜎𝑖𝑗 is the component of the Cauchy stress tensor 𝝈, and 𝑎𝑖𝑗 is
the anisotropy coefficient. Previous modeling of thin-ply composites
has primarily based on the Kirchhoff–Love plate theory (Kwok and
ellegrino, 2017; Long et al., 2022a; Hamillage et al., 2024; Yu, 2024).

Therefore, it is essential to define the constitutive relationship of the
composite material based on the plane stress state. The plane stress
form of Eq. (8) is:

2𝐻(𝜎𝑖𝑗 ) = 𝑎11𝜎
2
𝑥 + 𝑎22𝜎

2
𝑦 + 2𝑎12𝜎𝑥𝜎𝑦 + 2𝑎66𝜏2𝑥𝑦 (9)

Several experiments have confirmed the anisotropic plastic flow behav-
or of both unidirectional and woven composite lamina. Specifically,
nidirectional composites exhibit linear behavior in the fiber direction
p until failure, while the nonlinearity is most significant in the trans-
erse direction (Hahn and Tsai, 1973; Fallahi et al., 2020). Therefore, it
s reasonable to make the following assumptions: Assumption 1: There

is no plastic strain in the fiber direction of unidirectional composite
amina. Assumption 2: The stress component in the fiber direction of

unidirectional composite lamina does not influence the yield function.
he local coordinate system for unidirectional composites is illustrated

n Fig. 2, where 𝑥 represents the fiber direction and 𝑦 represents the
transverse direction. Based on Assumption 1:

𝜀𝑣𝑝𝑥 ≡ 0 (10)

According to Assumption 2, in Eq. (9), 𝑎11 = 𝑎12 = 0, which can obtain:

2𝐻(𝜎𝑖𝑗 ) = 𝜎2𝑦 + 2𝑎66𝜏2𝑥𝑦 (11)

in which, without loss of generality, we further set 𝑎22 = 1. Let
quivalent stress 𝜎𝑖𝑗 defined as:

𝜎𝑒𝑞 =
√

3𝐻 (12)

Substituting Eq. (11) into Eq. (12) gives:

𝜎𝑒𝑞 =
√

3
2
(𝜎2𝑦 + 2𝑎66𝜏2𝑥𝑦) (13)

The above equation represents the equivalent stress of unidirectional
composites, a formulation first derived by Sun and Chen (Sun and

hen, 1989). In the Sun-Chen model, the yield surface and elastic
domain are described as an infinitely extended elliptical cross-section
ylinder in the plane stress space. The shapes of the yield surface and
lastic domain on the 𝜎𝑥 − 𝜏𝑥𝑦 and 𝜎𝑦 − 𝜏𝑥𝑦 planes are illustrated in

Figs. 3(a) and 3(b), respectively. Fig. 3(a) shows that the elastic domain
xtends infinitely in the fiber direction, indicating that stress in the

fiber direction does not induce plastic flow in the composites, which
aligns with Eq. (13). Additionally, Figs. 3(a) and 3(b) demonstrate
that when unidirectional composites are loaded onto the yield surface
along path-I or path-III, the plastic flow direction is 𝑵1, which is
perpendicular to the tangent plane of the yield surface, as described
in Eq. (6). Similarly, when the composites are loaded along path-II or
ath-IV, the plastic flow directions are 𝑵2 and 𝑵3, respectively. The
onlinearity of the woven composite lamina is minimal in the warp
nd weft directions but is most significant at a 45◦ orientation (Yang
t al., 2018; Cho et al., 2010). Similar to unidirectional composites,

it is reasonable to assume for woven composites that: Assumption 3:
There is no plastic strain in the warp and weft direction in the woven
composite lamina. Assumption 4: The stress component in the warp
nd weft direction of woven composite lamina does not affect the yield

function. The local coordinate system of woven composites is shown in
Fig. 2, where 𝑥 is the warp direction and 𝑦 is the weft direction. Based
on Assumption 3:
𝑣𝑝 𝑣𝑝
𝜀𝑥 ≡ 0 𝑎𝑛𝑑 𝜀𝑦 ≡ 0 (14)
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According to Assumption 4, in Eq. (9), 𝑎11 = 𝑎22 = 𝑎12 = 0, which can
obtain:

2𝐻(𝜎𝑖𝑗 ) = 2𝜏2𝑥𝑦 (15)

in which, without loss of generality, we further set 𝑎66 = 1. Substituting
Eq. (15) into Eq. (12) gives:

𝜎𝑒𝑞 =
√

3
2
(2𝜏2𝑥𝑦) (16)

The above equation describes the equivalent stress for woven compos-
tes. Similar results have been derived by Ogihara and Reifsnider (2002)

and Odegard et al. (2000). The yield surface and elastic domain of the
woven composite lamina are represented by the area between a pair of
infinitely extended parallel planes in the plane stress space. The shapes
of the yield surface and elastic domain on the 𝜎𝑥−𝜏𝑥𝑦 and 𝜎𝑦−𝜏𝑥𝑦 planes
are shown in Fig. 3(c). Fig. 3(c) demonstrates that the elastic domain
extends infinitely in the warp and weft directions, indicating that stress
n these directions does not lead to plastic flow in the composites, which
s consistent with Eq. (16). Additionally, Fig. 3(c) shows that when
oven composites are loaded onto the yield surface along path-A or
ath-B, the plastic flow directions are 𝑵1 and 𝑵2, respectively. For
he equivalent stress of woven composites presented in this paper, only
wo plastic flow directions are allowed in the shear component due

to Assumptions 3 and 4. Despite the different yield and plastic flow
behaviors characterized by the equivalent stress for unidirectional and
woven composites, a general form can be provided:

𝜎𝑒𝑞 =
√

3
2
𝝈 ∶ 𝑴 ∶ 𝝈 (17)

where 𝑴 is the fourth-order tensor of the anisotropy coefficient. For
unidirectional and woven composites, there are Voigt notation forms
f 𝑴 in plane stress space:

𝑴 =
⎛

⎜

⎜

⎝

0 0 0
0 1 0
0 0 2𝑎66

⎞

⎟

⎟

⎠

𝑓 𝑜𝑟 𝑢𝑛𝑖𝑑 𝑖𝑟𝑒𝑐 𝑡𝑖𝑜𝑛𝑎𝑙 ,

𝑴 =
⎛

⎜

⎜

⎝

0 0 0
0 0 0
0 0 2

⎞

⎟

⎟

⎠

𝑓 𝑜𝑟 𝑤𝑜𝑣𝑒𝑛 (18)

For simplicity, the present model has not considered the anisotropy
in tension and compression for composites. Substituting Eq. (17) into
Eq. (6), the thin-ply composites plastic flow rule can be given as:

𝜺̇𝑣𝑝 = 3
2
𝑝̇𝑴 ∶ 𝝈

𝜎𝑒𝑞
(19)

In Eq. (7), 𝑟 is an internal scalar variable used to describe the
sotropic hardening behavior of the composites. The parameter 𝑟0 char-

acterizes the initial yield surface and can be treated as the initial value
f 𝑟. Although internal variables in the form of second-order tensors can
e defined to represent kinematic hardening behavior of composites,
his approach is not considered in this paper. The evolution equation
or the internal variable 𝑟 is based on the superposition of two Voce
onlinear hardening laws (Voce, 1955), as follows:

𝑟̇ =
2
∑

𝑖=1
𝑟̇𝑖 =

2
∑

𝑖=1
𝑏𝑖(𝑄𝑖 − 𝑟𝑖)𝑝̇ (20)

where 𝑏1, 𝑏2, 𝑄1, and 𝑄2 are hardening parameters, which can be fitted
rom experimental curves. The nonlinear relationship between 𝜎𝑒𝑞 and

shown as the rate-independent plasticity (red line) in Fig. 3(d) is
overned by Eq. (20). The internal variable 𝑟 is integrated over the
oading history of the equivalent plastic strain 𝑝 as follows:

𝑟 =
2
∑

𝑖=1
𝑟𝑖 =

2
∑

𝑖=1
𝑟𝑖 = 𝑄𝑖(1 − 𝑒−𝑏𝑖𝑝) (21)

The Voce hardening law is characterized by an exponential equation,
where the parameter 𝑄𝑖 determines the endpoint of the internal vari-
able 𝑟’s evolution. If 𝑄 is assigned a very small value, such that 𝑟
𝑖
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Fig. 3. Visualization of viscoplastic model: (a) yield surface and plastic flow direction in 𝜎𝑥 − 𝜏𝑥𝑦 plane for unidirectional composites, (b) yield surface and plastic flow direction
in 𝜎𝑦 − 𝜏𝑥𝑦 plane for unidirectional composites, (c) yield surface and plastic flow direction in 𝜎𝑥 − 𝜏𝑥𝑦 plane or 𝜎𝑦 − 𝜏𝑥𝑦 plane for woven composites, (d) comparisons of perfect
plasticity, rate-independent plasticity, and rate-dependent plasticity.
approaches zero, the rate-independent plastic model will reduce to a
perfectly plastic model. Both the rate-independent plastic model with
nonlinear hardening and the perfectly plastic model satisfied to the
consistency condition:

𝑓 (𝜎𝑒𝑞 , 𝑟) ≡ 0 (22)

The consistency condition is no longer satisfied for the viscoplastic
model by introducing an overstress 𝜎𝑣:

𝑓 (𝜎𝑒𝑞 , 𝑟) = 𝜎𝑣 ≠ 0 (23)

The phenomenological basis of the above equation is that, in a uniaxial
tensile test controlled by strain, the stress response of the material
increases with the strain rate (Chaboche, 2008). As the strain rate
decreases, the stress–strain response of the material approaches that
of a rate-independent plastic model, as illustrated in Fig. 3(d). The
response beyond this rate-independent model is referred to as overstress
in the viscoplastic model, as demonstrated in Figs. 3(a), 3(b), and 3(c).
The overstress is determined by the viscosity equation in Norton form:

𝜎𝑣 = 𝐾 𝑝̇𝑚 (24)

where 𝐾 and 𝑚 are viscosity parameters, which can be fitted from
experimental curves. Combining Eqs. (7), (23) and (24), it can be
obtained the Perzyna-type viscoplastic function (Perzyna, 1966):

𝑝̇ =

⎧

⎪

⎨

⎪

0, 𝑓 ≤ 0

𝜑(𝜎𝑒𝑞 , 𝑝, 𝑟) =
( 𝜎𝑒𝑞−(𝑟+𝑟0)

)1∕𝑚
, 𝑓 > 0

(25)
⎩

𝐾
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3. Computational algorithm

In this section, we present the detailed numerical implementation
algorithm for the proposed anisotropic viscoelastic–viscoplastic (VE–
VP) model for thin-ply composites. The numerical implementation
scheme discretizes the VE–VP model using the implicit backward Euler
method. For the time interval [𝑡𝑛, 𝑡𝑛+1] defined by the time increment
𝛥𝑡, where the values of the variable at 𝑡𝑛 and the total strain increment
𝛥𝜺 being known, the objective of the algorithm is to compute the values
of the variable at time 𝑡𝑛+1. Define:

𝑡𝑛+1 − 𝑡𝑛 = 𝛥𝑡 (26)

𝜺(𝑡𝑛+1) − 𝜺(𝑡𝑛) = 𝛥𝜺 (27)

𝜺𝑣𝑒(𝑡𝑛+1) − 𝜺𝑣𝑒(𝑡𝑛) = 𝛥𝜺𝑣𝑒 (28)

𝜺𝑣𝑝(𝑡𝑛+1) − 𝜺𝑣𝑝(𝑡𝑛) = 𝛥𝜺𝑣𝑝 (29)

3.1. Incremental discretization scheme of viscoelastic model

The numerical solving scheme for the linear viscoelastic (VE) model
is based on the approach originally proposed by Taylor et al. (1970).
This method discretizes the Boltzmann hereditary integral into a recur-
sive format that records the strain history via storing the state variables



X. Yue et al.

s

c

e
s

l

a
c
p

a

t
f
e
s
t

p

w

b

t

International Journal of Solids and Structures 308 (2025) 113154 
at each time increment. According to Eqs. (4) and (5), the updated
tress at time 𝑡𝑛+1 is computed as follows:

𝝈(𝑡𝑛+1) = 𝑪∞ ∶ 𝜺𝑣𝑒(𝑡𝑛+1) +
𝑛
∑

𝑖=1
𝑪 𝑖 ∶ 𝒒𝑖(𝑡𝑛+1) (30)

where:

𝒒𝑖(𝑡𝑛+1) = ∫

𝑡𝑛+1

0
𝑒−(𝑡𝑛+1−𝑠)∕𝜌𝑖

𝜕𝜺𝑣𝑒(𝑠)
𝜕 𝑠 𝑑 𝑠 (31)

The integral term in Eq. (31) can be divided into two parts:

𝒒𝑖(𝑡𝑛+1) = ∫

𝑡𝑛

0
𝑒−(𝑡𝑛+1−𝑠)∕𝜌𝑖

𝜕𝜺𝑣𝑒(𝑠)
𝜕 𝑠 𝑑 𝑠 + ∫

𝑡𝑛+1

𝑡𝑛
𝑒−(𝑡𝑛+1−𝑠)∕𝜌𝑖

𝜕𝜺𝑣𝑒(𝑠)
𝜕 𝑠 𝑑 𝑠 (32)

Substituting 𝒒𝑖(𝑡𝑛) into the first term on the right side of Eq. (32), which
an be given by:

∫

𝑡𝑛

0
𝑒−(𝑡𝑛+1−𝑠)∕𝜌𝑖

𝜕𝜺𝑣𝑒(𝑠)
𝜕 𝑠 𝑑 𝑠 = 𝑒−𝛥𝑡∕𝜌𝑖𝒒𝑖(𝑡𝑛) (33)

The second term on the right side of Eq. (32) is the integral of the
strain history 𝜺𝑣𝑒(𝑠) over the time interval [𝑡𝑛, 𝑡𝑛+1]. We suppose that
the viscoelastic strain rate is constant over the time interval [𝑡𝑛, 𝑡𝑛+1],
that is
∀𝑠 ∈ [𝑡𝑛, 𝑡𝑛+1]

𝜕𝜺𝑣𝑒(𝑠)
𝜕 𝑠 = 𝑐 𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (34)

The above equations assume that the viscoelastic strain increases lin-
arly within the time interval [𝑡𝑛, 𝑡𝑛+1] which is reasonable when 𝛥𝑡 is
mall and has been adopted by several works like (Miled et al., 2011;

Frank and Brockman, 2001; Ryou and Chung, 2009). Based on the
Eq. (34), integration of the second term on the right side of Eq. (32)
eads to:

∫

𝑡𝑛+1

𝑡𝑛
𝑒−(𝑡𝑛+1−𝑠)∕𝜌𝑖

𝜕𝜺𝑣𝑒(𝑠)
𝜕 𝑠 𝑑 𝑠 = 𝛥𝜺𝑣𝑒

𝛥𝑡 ∫

𝑡𝑛+1

𝑡𝑛
𝑒−𝑡𝑛+1∕𝜌𝑖𝑒𝑠∕𝜌𝑖𝑑 𝑠

=
𝜌𝑖
𝛥𝑡

(

1 − 𝑒−𝛥𝑡∕𝜌𝑖)𝛥𝜺𝑣𝑒
(35)

Combining Eqs. (32), (33) and (35) as follow:

𝒒𝑖(𝑡𝑛+1) = 𝑒−𝛥𝑡∕𝜌𝑖𝒒𝑖(𝑡𝑛) +
𝜌𝑖
𝛥𝑡

(

1 − 𝑒−𝛥𝑡∕𝜌𝑖)𝛥𝜺𝑣𝑒 (36)

The above equation is the recursive form of Eq. (31), substituting
Eq. (36) into Eq. (30) gives:

𝝈(𝑡𝑛+1) = 𝑪∞ ∶ 𝜺𝑣𝑒(𝑡𝑛+1) +
𝑛
∑

𝑖=1
𝑪 𝑖 ∶

[

𝑒−𝛥𝑡∕𝜌𝑖𝒒𝑖(𝑡𝑛) +
𝜌𝑖
𝛥𝑡

(

1 − 𝑒−𝛥𝑡∕𝜌𝑖)𝛥𝜺𝑣𝑒
]

(37)

The Eq. (37) represents the numerical format of the viscoelastic con-
stitutive model as derived by Kwok and Pellegrino (2013), and is
also referred to as the direct time integration (DI) approach by Noh
nd Whitcomb (2003). While Eq. (37) is sufficient for the numerical
alculation of the purely viscoelastic (VE) model, the numerical im-
lementation of coupling VE and VP models requires the full strain

increment form of VE model due to the consideration of the return
mapping algorithm. By comparing the expressions of Eq. (30) at times
𝑡 = 𝑡𝑛+1 and 𝑡 = 𝑡𝑛, it can be deduced that:

𝝈(𝑡𝑛+1) − 𝝈(𝑡𝑛) = 𝑪∞ ∶
(

𝜺𝑣𝑒(𝑡𝑛+1) − 𝜺𝑣𝑒(𝑡𝑛)
)

+
𝑛
∑

𝑖=1
𝑪 𝑖 ∶

(

𝒒𝑖(𝑡𝑛+1) − 𝒒𝑖(𝑡𝑛)
)

(38)

Substituting Eq. (36) into Eq. (38) as follow:

𝝈(𝑡𝑛+1) = 𝝈(𝑡𝑛) + 𝑪̃ ∶ 𝛥𝜺𝑣𝑒 +
𝑛
∑

𝑖=1

(

𝑒−𝛥𝑡∕𝜌𝑖 − 1)𝑪 𝑖 ∶ 𝒒𝑖(𝑡𝑛) (39)

where:

𝑪̃ = 𝑪∞ +
𝑛
∑

𝑪 𝑖
𝜌𝑖
𝛥𝑡

(

1 − 𝑒−𝛥𝑡∕𝜌𝑖) (40)

𝑖=1
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Eq. (39) represents the stress-update algorithm for the viscoelastic (VE)
part in the present VE–VP model. Here, 𝑪̃ denotes the anisotropic
incremental relaxation moduli described in Eq. (40), which also serves
as the Jacobian matrix of the viscoelastic model in the form of Voigt
notation, that is, 𝜕𝝈∕𝜕𝜺𝑣𝑒 = 𝑪̃ . By combining Eq. (39) with Eq. (30) and
eliminating 𝝈(𝑡𝑛), the model degenerates to an isotropic case, obtaining
 numerical implementation format consist with that presented by

Miled et al. (2011).

3.2. Return mapping algorithm and implementation procedure

The return mapping algorithm for implementing the plastic model,
originally developed by Simo and Taylor (1985), is used to determine
he accurate stress state after a strain increment involved plastic. The
undamental approach involves evaluating the trial elastic stress for
ach strain increment, calculating the plastic component of the total
train increment, and subsequently correcting the trial stress to obtain
he true stress state (Yue and Zhou, 2023). In the present anisotropic

VE–VP models for thin-ply composites, the implementation follows a
two-step approach: ‘‘viscoelastic predictor’’ and ‘‘viscoplastic correc-
tor’’. The ‘‘viscoelastic predictor’’ scheme, as described by Eq. (39),
roceeds as follows:

𝝈𝑝𝑟𝑒𝑑 (𝑡𝑛+1) = 𝝈(𝑡𝑛) + 𝑪̃ ∶ 𝛥𝜺 +
𝑛
∑

𝑖=1

(

𝑒−𝛥𝑡∕𝜌𝑖 − 1)𝑪 𝑖 ∶ 𝒒𝑖(𝑡𝑛) (41)

If the predicted stress 𝝈𝑝𝑟𝑒𝑑 (𝑡𝑛+1) satisfies 𝑓
(

𝝈𝑝𝑟𝑒𝑑 (𝑡𝑛+1)
)

≤ 0, then:

𝝈(𝑡𝑛+1) = 𝝈𝑝𝑟𝑒𝑑 (𝑡𝑛+1) (42)

Otherwise, the ‘‘viscoplastic corrector’’ step is required as follows:

𝝈(𝑡𝑛+1) = 𝝈𝑝𝑟𝑒𝑑 (𝑡𝑛+1) − 𝑪̃ ∶ 𝛥𝜺𝑣𝑝 (43)

Eq. (43) provides a compact and general form for the return algorithm,
hich is independent of any specific VP model. It is form-identical to

the E–VP model, except that incremental relaxation moduli replace the
constant stiffness tensor. The isotropic form of Eq. (43) was proposed
y Miled et al. (2011), and this work extends it to an anisotropic

form suitable for modeling the mechanical response of composites. The
key step in the ‘‘viscoplastic corrector’’ is solving for the plastic strain
increment, which can be derived from the plastic flow rule Eq. (6):

𝛥𝜺𝑣𝑝 = 𝛥𝑝𝑵 (44)

The form of 𝑵 is determined by the equivalent stress, which has
been discussed in Section 2.2. The algorithm for the equivalent plas-
ic strain increment being required via discretizing the viscoplastic

function Eq. (25) into incremental form as follows:

𝑝̇ =
𝛥𝑝
𝛥𝑡

= 𝜑(𝜎𝑒𝑞 , 𝑝, 𝑟) = 𝜑(𝜎𝑝𝑟𝑒𝑑𝑒𝑞 , 𝛥𝑝, 𝑝, 𝑟) (45)

Let:

𝜓(𝜎𝑒𝑞 , 𝑝, 𝑟) = 𝛥𝑝 − 𝜑(𝜎𝑒𝑞 , 𝑝, 𝑟)𝛥𝑡 = 0 (46)

According to the hardening laws Eq. (20):

𝑟(𝑡𝑛+1) = 𝑟(𝑡𝑛) + 𝛥𝑟 (47)

𝛥𝑟 =
2
∑

𝑖=1
𝛥𝑟𝑖 =

2
∑

𝑖=1
𝑏𝑖(𝑄𝑖 − 𝑟𝑖)𝛥𝑝 (48)

Therefore, the nonlinear equation system Eqs. (45), (47) and (48)
should be solved in the time interval [𝑡𝑛, 𝑡𝑛+1] via the Newton–Raphson
method to obtain the equivalent plastic strain increment 𝛥𝑝. Consider-
ing the first-order Taylor expansion of Eq. (46):

𝜓 +
𝜕 𝜓
𝜕 𝛥𝑝𝑑 𝛥𝑝 +

𝜕 𝜓
𝜕 𝑟 𝑑 𝑟 = 0 (49)

Substituting Eq. (46) into Eq. (49) as follow:

𝛥𝑝 − 𝜑𝛥𝑡 +
(

1 − 𝜕 𝜑
𝛥𝑡
)

𝑑 𝛥𝑝 − 𝜕 𝜑
𝛥𝑡𝑑 𝑟 = 0 (50)
𝜕 𝛥𝑝 𝜕 𝑟
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Table 2
Return mapping algorithm for the constitutive response in time interval [𝑡𝑛 , 𝑡𝑛+1].

1. Obtain the history values at 𝑡𝑛: 𝝈(𝑡𝑛), 𝒒𝑖(𝑡𝑛), 𝑟(𝑡𝑛), 𝑝(𝑡𝑛).
2. Evaluate 𝒒𝑖(𝑡𝑛+1) in 𝛥𝜺 state via Eq. (36), compute 𝑪̃ via Eq. (40).
3. Compute 𝝈𝑝𝑟𝑒𝑑 (𝑡𝑛+1) in 𝛥𝜺 state via Eq. (41), prepare 𝑓 (𝝈𝑝𝑟𝑒𝑑 ) via Eq. (7).

IF 𝑓 < 0 THEN go to 7. ENDIF.
4. Local Newton–Raphson: Prepare local 𝑅𝐸 𝑆 and local Jacobian

via Eqs. (51), (52) and (53), determine increments 𝛥𝑝, 𝛥𝑟.
IF 𝑅𝐸 𝑆 < 𝑡𝑜𝑙 THEN go to 5. ENDIF.

5. Evaluate 𝛥𝜺𝑣𝑝 and 𝛥𝜺𝑣𝑒 via Eqs. (44) and (1)
6. Re-evaluate 𝒒𝑖(𝑡𝑛+1) in 𝛥𝜺𝑣𝑒 state via Eq. (36)
7. Compute 𝝈(𝑡𝑛+1) via Eq. (42) or Eq. (43) and update state variable.

Fig. 4. Sufficient algorithm convergence for different strain increments.

In summary, the calculation method of 𝛥𝑝 can be obtained based on
the Newton–Raphson iterative scheme:

𝑅𝐸 𝑆 = 𝜓(𝜎𝑒𝑞 , 𝑝, 𝑟) = 𝛥𝑝 − 𝜑(𝜎𝑒𝑞 , 𝑝, 𝑟)𝛥𝑡 (51)

𝑑 𝛥𝑝 = 𝜑 − 𝛥𝑝∕𝛥𝑡
1∕𝛥𝑡 − 𝜕 𝜑∕𝜕 𝛥𝑝 − 𝜕 𝜑∕𝜕 𝑟 (𝛥𝑟1 + 𝛥𝑟2

) (52)

𝛥𝑝(𝑘+1) = 𝛥𝑝(𝑘) + 𝑑 𝛥𝑝 (53)

The computational implementation algorithm of the present VE–VP
constitutive model is summarized in Table 2.

It should be noted that 𝒒𝑖(𝑡𝑛 + 1) must be recalculated using the
viscoelastic strain increments over the time interval [𝑡𝑛, 𝑡𝑛+1] after ob-
taining the updated stress 𝝈(𝑡𝑛+1) via the ‘‘viscoplastic corrector’’ proce-
dure since the total strain increments were used in the prior calculation
of 𝝈𝑝𝑟𝑒𝑑 (𝑡𝑛+1). The numerical tangent stiffness of the VE–VP model, as
shown in Eq. (40), is employed for the implicit finite element cal-
culations. The computational implementation scheme proposed in the
present work is adequately robust and converges within four iteration
steps for fixed strain increments up to 1 × 10−3, as illustrated in Fig. 4.

4. Verification and validation

The present model has been implemented using a user-defined
material subroutine (UMAT) within the commercial finite element
code ABAQUS. To validate the model’s accuracy and efficiency, this
section presents a series of benchmark simulations on the uniaxial
tension behavior of single-ply lamina, including both unidirectional
and woven lamina. The examples cover off-axis stress–strain behavior,
rate-dependent behavior, creep behavior, and loading-unloading cyclic
stress–strain behavior. Additionally, a numerical example is provided to
demonstrate the model’s efficiency in simulating the loading, holding,
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unloading, and recovery processes, which closely resemble the behavior
of deployable structures.

Fig. 5(a) illustrates the geometry and dimensions of the single-ply
lamina specimen used in this section. The local material directions
and off-axis angle 𝜃 are defined for the unidirectional and woven
laminates in Figs. 5(b) and 5(c), respectively. The constitutive behavior
of the lamina is specified in the local material coordinate system,
where the 1-direction aligns with the fiber direction for unidirectional
lamina and the warp direction for woven lamina. Loading is applied
along the 𝑥-axis in the global coordinate system, which corresponds to
the longitudinal direction of the specimen. The angle between the 1-
direction of the local material coordinates and the 𝑥-axis of the global
coordinates is defined as the off-axis angle 𝜃. In this section, the terms
‘‘axial stress’’ and ‘‘axial strain’’ refer to the stress and strain measured
in the loading direction, as illustrated in Fig. 5.

In the FE simulations, the specimen was discretized using plane
stress elements (CPS4 in ABAQUS). The nonlinear static general proce-
dure was executed using the Abaqus/Standard solver. The left tab of the
specimen was fixed, and uniaxial tension was applied to the right side.
UMAT subroutines were developed to simulate the material behavior
of the unidirectional lamina and the single-ply woven lamina, respec-
tively. The unidirectional lamina was modeled using a viscoelastic–
viscoplastic material framework, whereas the woven composite lamina
was treated as an elastic–viscoplastic material. The material parameters
were calibrated using experimental data sourced from Masuko and
Kawai (2004), Kawai and Masuko (2004), Kawai and Taniguchi (2006).
The instantaneous stiffness matrix for each lamina was determined
by the engineering constants. The viscoelastic response is captured
using a Prony series, with coefficients fitted from off-axis tension and
relaxation test data. The viscoplastic component, on the other hand,
was calibrated using equivalent stress-plastic strain curves obtained
from off-axis tension tests. Further details regarding the calibration
of lamina properties are provided in Appendix. Material properties
are listed in Table A.1 for unidirectional lamina and Table A.2 for
plain-weave woven lamina.

4.1. Off-axis stress–strain behavior of single-ply lamina

Finite element simulations for off-axis tensile tests of unidirectional
and woven composite lamina were conducted to validate the modeling
capability of the present constitutive model in capturing the anisotropic
mechanical behavior of composites. In these simulations, tensile tests
are conducted in displacement control mode, with a strain rate of
1%∕min to align with experimental conditions. Fig. 6(a) presents the
off-axis stress–strain responses for the unidirectional lamina across a
range of off-axis angles from 0◦ to 90◦. Note that the stress–strain curves
for off-axis angles 𝜃 = 10◦, 30◦, and 45◦ were used to calibrate the
model parameters as detailed in the Appendix, while those for 𝜃 = 0◦
and 90◦ served for validation. Additional simulation results at off-axis
angles 𝜃 = 5◦, 7◦, 15◦, and 20◦ further indicate that the proposed
model can readily predict stress–strain responses for any off-axis angle.
The simulation results show adequate agreement with the experimental
observations. The results also demonstrate that the nonlinearity of
the stress–strain response in unidirectional lamina strongly depends
on the off-axis angle. At an off-axis angle of zero, where the lamina
is loaded along the fiber direction, the stress–strain response remains
linear, consistent with the assumption that stress in the fiber direction
does not induce yielding and plastic flow, as described in Eq. (10). As
the off-axis angle increases from 0◦ to 90◦, the unidirectional lamina
exhibits increasing nonlinearity in its stress–strain behavior. Fig. 6(b)
presents the off-axis stress–strain responses for the single-ply woven
lamina across a range of off-axis angles from 0◦ to 90◦. Among these,
the stress–strain curves for off-axis angles of 𝜃 = 15◦ and 30◦ were used
to calibrate the model parameters, as detailed in Appendix. The stress–
strain responses at off-axis angles of 𝜃 = 0◦, 45◦, and 90◦ were used for
validation, and the simulation results showed satisfactory agreement
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Fig. 5. Experimental scheme for off-axis mechanical behavior of single-ply lamina: (a) specimen geometry and materials orientation, (b) materials orientation for unidirectional
composites, (c) materials orientation for woven composites.
Fig. 6. Off-axis stress–strain curves: (a) single-ply unidirectional composites lamina, the experiment (Kawai and Masuko, 2004) are shown for comparison, (b) single-ply woven
composites lamina, the experiment (Kawai and Taniguchi, 2006) are shown for comparison.
with the experimental data. Fig. 6(b) also provides results for off-axis
angles of 𝜃 = 10◦, 12◦, 20◦, and 25◦, indicating that the calibrated
model can readily predict the stress–strain behavior of woven lamina
at any arbitrary off-axis angle. The stress–strain response of the woven
lamina is linear when the loading direction aligns with the warp and
weft directions (𝜃 = 0◦ and 90◦), in accordance with the model’s
assumption that stress in these directions does not induce yield and
plastic flow, as specified in Eq. (14). The woven lamina exhibits the
most pronounced nonlinear stress–strain response at the 45◦ off-axis
angle due to the axial stress induces maximum shear stress in the
material orientation.

4.2. Off-axis time-dependent mechanical behavior of single-ply lamina

Finite element simulations of off-axis tensile tests for the unidirec-
tional lamina were conducted at strain rates of 1%∕min and 0.01%∕min
respectively, as illustrated in Fig. 7(a) and (b). Experimental data
from Masuko and Kawai (2004) are also plotted in the same figure for
comparison. The results indicate that, irrespective of the off-axis angles,
the stress response at a given strain is higher at the faster strain rate.
This rate-dependent stress–strain behavior of the composite lamina is
accurately captured by the numerical simulations.

The uniaxial creep behaviors observed experimentally and predicted
through simulations for unidirectional lamina with off-axis angles of
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𝜃 = 30◦ and 45◦ are compared in Fig. 8(a) and 8(b), respectively.
Experimental data from Kawai and Masuko (2004) are also plotted in
the same figure for comparison. In the creep simulations, boundary
conditions were stress-controlled. The creep stress was applied to the
uniaxial creep model in a ramp mode over 20 seconds, after which
the constant creep stress was maintained for 5 hours to evaluate the
creep response of the composite lamina. As shown, a higher applied
creep stress results in a larger axial creep strain response. The creep
rate decreases with increasing creep time, eventually approaching a
steady-state axial strain. The simulation predictions are in adequately
agreement with the experimental observations.

4.3. Off-axis loading-unloading cycles behavior of single-ply lamina

Figs. 9(a) and 9(b) illustrate the cyclic loading-unloading responses
of unidirectional composite lamina with fiber orientations of 𝜃 = 10◦
and 30◦, respectively. The loading history is detailed in Table 3, with
a loading and unloading strain rate of 1%∕min. Experimental data
from Kawai et al. (2020) are also plotted in the same figure for com-
parison. The experimentally observed loading-unloading stress–strain
curves of the unidirectional lamina are shown as gray dash lines. Two
main features can be summarized: a. Residual Axial Strain: After each
unloading process, a residual axial strain is observed, which increases
with the prior maximum axial tensile stress before unloading. This
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Fig. 7. Off-axis stress–strain curves of single-ply unidirectional composites lamina at different strain rates, the experiment (Masuko and Kawai, 2004) are shown for comparison:
(a) 𝜃 = 10◦ and 𝜃 = 45◦, (b) 𝜃 = 30◦ and 𝜃 = 60◦.
Fig. 8. Off-axis creep curves of single-ply unidirectional composites lamina, the experiment (Kawai and Masuko, 2004) are shown for comparison: (a) 𝜃 = 30◦, (b) 𝜃 = 45◦.
residual strain may consist of recoverable viscous strain, irrecoverable
plastic strain, or a combination of both. b. Hysteresis Loop: The stress–
strain curves during unloading and reloading do not overlap, forming a
hysteresis loop. The width of this loop increases with the magnitude of
the maximum axial tensile stress prior to unloading. For comparison,
the simulation data predicted by an elastic–viscoplastic (E–VP) model
proposed by Kawai and Masuko (2004), Masuko and Kawai (2004) are
also plotted as blue lines in Figs. 9(a) and9(b). Although the E–VP
model can capture the residual strain in the loading-unloading cycles,
it fails to capture the hysteresis loop. This is because the stress state of
the E–VP model remains within the elastic domain under unloading
conditions (𝑓 ≤ 0), and only when the stress state satisfies 𝑓 > 0
does the E–VP model exhibit the time-dependent mechanical response
governed by overstress 𝜎𝑣 (see Eq. (25)). The hysteresis loop observed
in the loading-unloading cycles is attributed to creep recovery, where
the residual deformation caused by the material viscosity during the
loading process gradually recovers during the unloading process. There-
fore, we conclude that extending the E–VP model to the VE–VP model
is necessary to fully capture the time-dependent mechanical behavior
of composites used in deployable structures.

4.4. Time-dependent mechanical response of constitutive models

Fig. 10 illustrates the time-dependent mechanical response of the
constitutive model for a unidirectional composite lamina with a ma-
terial orientation of 90◦, where the simulation time step is shown
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Table 3
History of loading-unloading cycles of UD lamina at a strain rate of 1%/min.

Off-axial angle Strain Time increment (s)
Load1

𝜃 = 10◦

0.003 18
Unload1 0.00065 14.1
Load2 0.0062 33.3
Unload2 0.0021 24.6
Load3 0.0095 44.4
Unload3 0.0045 30
Load4 0.015 63

Load1

𝜃 = 30◦
0.0064 38.4

Unload1 0.0016 28.8
Load2 0.0128 67.2
Unload2 0.00510 46.2
Load3 0.02 89.4

in Table 4. The boundary conditions reproduce the typical loading
history experienced by composite deployable structures during the ser-
vice period, including folding, storage, deployment, and recovery. The
material parameters used to calibrate the unidirectional lamina model
are listed as detailed in Table A.1 in the Appendix, except make 𝐾 =
200 MPa sm in VE–VP and E–VP models for demonstration purposes.
The mechanical responses of four time-dependent constitutive models:
viscoelastic (VE), elastic–viscoplastic (E–VP), viscoelastic–viscoplastic
(VE–VP), and viscoelastic–plastic (VE–P), under the same loading his-
tory, were compared. These four models are derived by degenerating
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Fig. 9. Off-axis loading-unloading stress–strain cycles response of single-ply unidirectional composites lamina, the experiment (Kawai et al., 2020, gray dash line) and previous
simulation based on elastic–viscoplastic (E–VP) model by Kawai (Kawai and Masuko, 2004, blue line) are shown for comparison: (a) 𝜃 = 10◦, (b) 𝜃 = 30◦.
Fig. 10. Relaxation and recovery response of single-ply unidirectional composites lamina based on viscoelastic–viscoplastic (VE–VP) model, the viscoelastic (VE) model, elastic–
viscoplastic (E–VP) model and viscoelastic–plastic (VE–P) model responses are shown for comparison: (a) strain–time curves, (b) stress–time curves.
Table 4
Typical loading history of composites in service period.

Step period fold(𝛼 → 𝛽) stowed(𝛽 → 𝛾) deploy(𝛾 → 𝜁) recovery(𝜁 → 𝜂)

Step times 𝑡 (s) 1 100 1 100

the viscoelastic–viscoplastic (VE–VP) constitutive model described in
Section 2. Specifically, the VE–VP model reduces to the VE model when
the initial yield surface parameter 𝑟0 is set to infinity, ensuring that the
model remains within the viscoelastic domain throughout loading. The
VE–VP model degenerates into the E–VP model when the relaxation
time 𝜌𝑖 in the VE–VP model is infinite, and the relaxation moduli tensor
degenerates to the constant stiffness tensor via setting 𝑪 𝑖 to zero and
𝑪 = 𝑪0 = 𝑪∞ in the implementation. The VE–VP model can degenerate
into the VE–P model when the yield function 𝑓 satisfies the consistency
condition outlined in Eq. (22) via the parameter 𝐾 in the viscosity
equation Eq. (24) is set to a sufficiently small value, such as 1, ensuring
that the overstress 𝜎𝑣 can be neglected.

The axial stress–time curve in Fig. 10(b) illustrates the stress relax-
ation response of the composite lamina during the storage period (𝛽 →

𝛾). Despite different underlying mechanisms, all models demonstrate
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the ability to capture the stress relaxation behavior of composites. The
stress relaxation in the VE and VE–P models arises from the time-
dependent decrease of the relaxation moduli tensor 𝑪(𝑡) as described
by Eq. (3). In contrast, the stress relaxation in the E–VP model is
attributed to the viscosity equation Eq. (24): under constant strain over
a prolonged period, the overstress 𝜎𝑣 decreases, and the stress state
returns to the yield surface along the direction of 𝑵 over time. The
VE–VP model combines both of these mechanisms. Fig. 10(a) compares
the time-dependent mechanical responses of the composite constitutive
models during the deployment and recovery periods. The VE model,
commonly used to simulate the time-dependent mechanical behavior
of composite deployable structures, effectively captures the lamina’s
recovery behavior. When the constraint on the material is removed, and
the axial stress drops to zero during the deployment period (𝛾 → 𝜁),
the instantaneous elastic strain is eliminated, leaving a residual axial
strain at point 𝜁 , which gradually decreases to zero over time during
the recovery period (𝜁 → 𝜂). This indicates that the residual axial strain
at point 𝜁 is fully recoverable for the VE model. For the E–VP model, the
axial strain remains constant at a non-zero value during the recovery
period (𝜁 → 𝜂), implying that the residual axial strain at point 𝜁 is
entirely irrecoverable. In contrast, for the VE–VP and VE–P models,
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Fig. 11. Schematic of the column bending test (CBT) and FEM model (Salazar and Fernandez, 2021; Long et al., 2022a): (a) initial configuration and deformed configuration, (b)
geometry and boundary conditions.
the residual axial strain at point 𝜁 gradually decreases over time but
approaches a non-zero value during the recovery period (𝜁 → 𝜂). This
suggests that the residual axial strain at point 𝜁 for both the VE–VP and
VE–P models has recoverable and irrecoverable components, offering
a more comprehensive description of the time-dependent mechanical
behavior of composite laminae in deployable structures throughout
their service life.

5. Simulation of the column bending test

The composite deployable structure undergoes significant volume
reduction through large bending deformations during its service life.
Fernandez and Murphey (2018) developed the Column Bending Test
(CBT) as a method to characterize the bending behavior of thin-ply
composite laminates, specifically designed for high-strain composites.
This test not only be used to validate but also calibrate the mechanical
models of thin-ply composites. The CBT experimental setup minimizes
direct contact between the composite laminate and the loading in-
denter, thereby addressing the limitations of traditional bending test
methods, such as four-point bending (Salazar and Fernandez, 2021). By
implementing a compression state in the specimen, the CBT generates
a stress state that closely approximates pure bending in the composite
laminate. Numerical simulations of the CBT provide a valuable tool for
evaluating the present composite constitutive model and offer deeper
insights into the experimental observations obtained through CBT.

5.1. Experimental and modeling procedure

The CBT experimental setup is depicted in Fig. 11(a). In this setup,
the composite laminate is secured within the testing apparatus using a
pair of rigid grips, allowing the ends of the gauge length 𝑠 to rotate
freely. Initially, the normal vector 𝒏 of the composite laminate is
oriented perpendicular to the loading axis, with the angle 𝜃 between
12 
Table 5
Loading history of the CBT.

Step period fold stowed deploy recovery

Step times 𝑡 (s) 120 21,600 120 10 000

the rigid grips and the loading axis. The specimen is subjected to
compressive loading from the initial configuration to the deformed
configuration under displacement control, offsetting the laminate from
its initial position to a state approximating pure bending. The directly
measured quantities in the CBT are the reaction force 𝑃 and the
displacement 𝛿 of the test fixture, and the corresponding moment 𝑀
and the angle change 𝜑 of the composite laminate can be derived via
mathematical conversions based on geometric relationships, as detailed
in Fernandez and Murphey (2018). NASA conducted CBT experiments
on woven composite laminates, and reproduced the service life condi-
tions of composite deployable structures, including the fold, stowed,
deploy, and recovery periods (Salazar and Fernandez, 2021). In the
folding step, the specimen was bent to a curvature representative of
real-world service conditions. In the storage step, this curvature was
maintained constant extending to six hours (21600 seconds). In the
deployment step, the specimen was returned to a load-free state, and
in the final recovery step, where it remained in a load-free state for
an additional 10000 seconds. The specific loading history is detailed in
Table 5.

The finite element simulation of the CBT experiment was conducted
using ABAQUS CAE, with the geometry, boundary conditions, and
loading history consistent with the experimental setup, as depicted
in Fig. 11(b). The composite laminate model was discretized into
2805 fully integrated four-node shell elements (S4 in ABAQUS). The
rigid grips of the specimen were modeled through interaction contact
between reference points and the edges of the composite laminate,
with further modeling details provided in Long et al. (2022a). The key
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Fig. 12. History of laminates mechanical responses during fold, stowed, deploy and recovery: (a) curvature-time curves of laminates during recovery (red line), the experiment
by NASA (Salazar and Fernandez, 2021, purple dash line) and previous simulation based on viscoelastic (VE) model by Yu (Long et al., 2022a, blue dash line) are shown for
comparison, curvature distribution of laminates at different times are shown, (b) detailed curvature-time curves of laminates during recovery, (c) normalized moment relaxation
curves during stowed (red line), the experiment by NASA (Salazar and Fernandez, 2021, dot) are shown for comparison, section moment distribution of laminates at different
times are shown, (d) curvature-recovery time curves of laminates during recovery after the different stowed period.
parameters for the CBT simulation were as follows: rigid specimen grip
length 𝑙 = 25.4 mm, initial grip angle 𝛩 = 0.0712rad, specimen width
𝑤 = 25.4 mm, gauge length 𝑠 = 27.432 mm, laminate thickness 𝑡 =
0.276 mm, and total fixture displacement 𝛿 = 25.4 mm. The composite
laminate tested was composed of the plain woven M30S/PMT-F7 lam-
ina with the [±45◦]4 layup configuration, and the laminate directions 1,
2, and n are illustrated in Fig. 11(b). In the finite element simulation,
the mechanical behavior of the single-ply lamina was characterized
using a user-defined material subroutine (UMAT) that implements the
present composite viscoelastic–viscoplastic model. The laminate shell
behavior was defined by the ABAQUS built-in function ‘‘composite
layup’’, based on classical laminate theory (CLT). The stress–strain
response of each single-ply lamina was integrated into the shell me-
chanical response at each incremental step. The material parameters
for the woven lamina are detailed in Table A.3 in Appendix. The
viscoplastic component of the constitutive model was calibrated using
available test data from a similar composite system, compensating for
the lack of off-axis test data specific to the composite system used in
the CBT validation.

5.2. Results and analysis

Fig. 12(c) shows the normalized moment–time curve of the compos-
ite laminate during the stowed period. The moment response 𝑀(𝑡) in
the CBT is calculated using the following equation:
𝑀(𝑡) = 𝑃 (𝑡)𝐷 (54)
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where 𝑃 (𝑡) represents the reaction force in the Y-direction at the
fixture, and 𝐷 denotes the offset distance by which the edge of the
laminate deviates from the loading axis in the Z-direction. We note that
under displacement-controlled loading, 𝐷 remains constant, while the
reaction force 𝑃 (𝑡) decreases over time. This consequently results in a
decrease in the reaction moment 𝑀(𝑡). To efficiently demonstrate the
extent of reduction in the reaction moment over time, we normalized
the reaction moment 𝑀(𝑡) by its instantaneous value 𝑀0 and plotted
the normalized moment 𝑀(𝑡)∕𝑀0 as a function of time in Fig. 12(c).
Experimental data from Salazar and Fernandez (2021) are also plotted
in the same figure for comparison. It is shown that in the initial time
range, the moment decreases rapidly and then gradually slows in its
rate of relaxation. Initially, the simulation aligns well with the experi-
mental data, while at later times, a slight deviation appears, potentially
due to the fitting error in the material model. Despite this, the model
effectively captures the moment relaxation behavior observed in the
composite laminate. Figs. 12(a) and 12(b) display the curvature-time
curves of the composite laminate during the deployment and recovery
periods. The curvature response 𝜅(𝑡) in the CBT is calculated by:

𝜅(𝑡) = 𝜑(𝑡)
𝑠

(55)

where 𝜑(𝑡) is the change in the rotation angle around the 𝑋-axis and
𝑠 is the gauge length. The purple dash line in these figures represents
the experimentally observed curvature history of the laminate during
these periods. A residual curvature is evident in the laminate following
the deployment period; part of this residual curvature is recoverable
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during the recovery period, while the other part is permanent, indi-
cating the formation of an irrecoverable residual curvature. Previous
work by Long et al. (2022a) simulated curvature recovery in the CBT
using a viscoelastic shell model, as illustrated by the blue dash line
n Figs. 12(a) and 12(b). However, this model predicts that the resid-

ual curvature approaches zero during the recovery period, failing to
capture the permanent curvature observed experimentally. In contrast,
the numerical simulation of the CBT based on the present composite
viscoelastic–viscoplastic constitutive model provides a better descrip-
ion of the time-dependent mechanical response of the laminate during
he deployment and recovery periods. This model successfully captures
oth the curvature recovery and the permanent residual curvature, as
hown by the red line in Figs. 12(a) and 12(b). It should be noted that,

due to the absence of off-axis mechanical tests for M30S/PMT-F7 com-
posites in the CBT, while the viscoelastic parameters for M30S/PMT-F7
are provided in Hamillage et al. (2024), the viscoplastic parameters
were instead adopted from those of T300/Epoxy2500 in Kawai and

aniguchi (2006), as calibrated in Appendix. This approach resulted
n an overestimation of the permanent residual deformation. Despite
his limitation, the results demonstrate the capability of the proposed
ethod to qualitatively capture the permanent deformation behavior

f thin-walled composite laminates, thereby extending the simulation
apabilities for composite deployable structures at both the material
nd structural levels. Additional CBT numerical simulations were con-

ducted under consistent conditions, varying only the storage time of the
omposite laminate during the stowed period 0 hours, 2 hours, 4 hours,
0 days, and 365 days, respectively). Fig. 12(d) illustrates the curvature
istory during the deployment and recovery periods after different
torage times. The results indicate that as storage time increases, both
he residual curvature after the deployment period and the permanent
esidual curvature after recovery accumulate. These results suggest
hat variations in the storage time of composite deployable structures
ignificantly impact their deployment and shape recovery behavior.

The CBT numerical simulations were performed repeatedly under
consistent conditions, with the only variation being the layup of the
composite laminate, which was modified to [±0◦]4, [±15◦]4, [±30◦],
[±35◦]4 and [±40◦]4, respectively. Fig. 13(a) presents the curvature
istory of the composite laminate for different ply-angle layup configu-

rations during the deployment and recovery periods. After the recovery
period, the [±45◦]4 layup exhibited the largest residual curvature,
whereas the [±0◦]4 layup showed the smallest residual curvature. This
difference is attributed to the unique anisotropic mechanical behav-
ior of woven composite laminate. The bending deformation response
along the material direction of the composite laminate is governed
by the stress–strain response of the individual plies, as described by
classical laminate theory. For the [±0◦]4 layup, the primary stress–
strain response in each single-ply lamina is oriented along the warp
or weft direction, where the stress does not induce yield flow. Con-
sequently, the accumulated plastic strain is minimal, resulting in the
smallest permanent residual curvature. In contrast, for the [±45◦]4
ayup, the primary stress–strain response is oriented in the shear di-
ection, leading to the most significant yield effect and the largest
ccumulated plastic strain, which in turn results in the greatest perma-
ent residual curvature. A larger permanent residual curvature after
he recovery period indicates a greater deviation of the composite
eployable structure from its designed configuration in service, thereby
educing service accuracy. The residual curvature of the composite
aminate after the recovery period for different layup configurations
s illustrated in Fig. 13(b) (yellow column). From a service accuracy
erspective, the [±0◦]4 layup is the optimal configuration, while the

[±45◦]4 layup is the least favorable. The maximum section bending
moment of the composite laminate under different layups during the
CBT loading history is shown in Fig. 13(b) (blue column). The smaller
ection moment observed for the [±45◦]4 layup, compared to the [±0◦]4
ayup, is due to the lower stiffness of the plain woven lamina when
he off-axis angle is 45◦. The perspective of avoiding failure presents
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a different conclusion, the [±0◦]4 layup is the least favorable, while
the [±45◦]4 layup is the most favorable, which explains why [±45◦]4
ply laminates are commonly used in the main bending direction in
conventional designs of composite deployable structures, such as com-
osite thin-ply lenticular tube booms (Salazar and Fernandez, 2021).
n summary, the present constitutive model significantly enhances the
imulation of permanent residual curvature in high-strain composite
aterials, thereby expanding the optimization design space for com-
osite deployable structures. It offers a new design perspective and
ool for improving deployment accuracy via minimizing permanent
esidual deformation without compromising the integrity of the com-
osites. We would like to note that the proposed model is indeed a

constitutive model for composite lamina. By implementing this model
into the commercial finite element software ABAQUS through UMAT,
and leveraging ABAQUS’s robust pre- and post-processing capabilities,
this approach is not limited by composite layup, structural design,
or loading conditions, thereby demonstrating general feasibility. It is
suitable not only for simulating CBT experiments but also for enhancing
the simulation of other composite deployable structures, such as tape
springs, storable tubular extendible members (STEM), and composite
thin-walled lenticular tubes (CTLT).

6. Conclusions

An anisotropic viscoelastic–viscoplastic continuum constitutive mode
or composite laminates is developed to comprehensively describe
he time-dependent mechanical behavior of high-strain composites
sed in advanced space deployable structures during folding, storage,
nfolding, and recovery periods. The model integrates the viscoelas-
ic equation in the form of the Boltzmann hereditary integral with

anisotropic viscoplastic equations, incorporating assumptions in the
yield function to avoid redundant parameters while effectively cap-
turing the anisotropic mechanical behavior of the composites. This
model characterizes the time-dependent off-axis mechanical behavior
of both unidirectional and woven composite laminates, including rate-
dependent stress–strain responses and creep behavior under constant
stress. Notably, compared to the previous elastic–viscoplastic model
of the composite lamina (Kawai and Masuko, 2004; Masuko and
Kawai, 2004), the proposed model can also capture the hysteresis loop
phenomenon in non-monotonic loading.

Furthermore, a significant contribution of this work lies in the
roposed numerical implementation scheme. A two-step numerical
olution strategy based on the return mapping algorithm, consisting
f the ‘‘viscoelastic predictor’’ and the ‘‘viscoplastic corrector’’, is de-
ailed. Originally proposed by Miled et al. (2011) for implementing an

isotropic viscoelastic–viscoplastic constitutive model for polymers, this
study extends the approach to the anisotropic case to effectively model
omposite lamina. The key of the numerical scheme is the derivation
f the stress update algorithm for the viscoelastic model in full strain

increment form, alongside a compact and general form of the return
algorithm. These are implemented in a user-defined material subroutine
(UMAT) within the commercial finite element code ABAQUS.

Finite element simulations of column bending tests on woven com-
osite laminates, replicating the service conditions of real-world de-

ployable structures, were conducted using the constitutive model de-
veloped in this paper. The FE model successfully captures the moment
elaxation of the laminates during the storage period and the residual
urvature recovery behavior during the recovery period in the column
ending test. Notably, it is the first to capture the permanent residual
urvature during recovery, an advancement over previous work (Long

et al., 2022a). Additionally, the effects of storage time and layup
schemes on the time-dependent mechanical responses of composite
laminates during deployment and recovery periods were analyzed and
discussed, highlighting the enhanced simulation capabilities of the
developed constitutive model. The results indicate that longer storage
times result in larger residual curvature. In conventional designs, a
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Fig. 13. Laminates mechanical responses at different angle-ply: (a) curvature-time curves of laminates during recovery at different angle-ply, (b) laminates residual curvature after
2.7 h recovery (yellow) and maximum section moment during stowed (blue) for different angle-ply.
[±45◦]4 layup is typically employed in the main bending direction of
deployable structures to minimize stress and avoid failure. However,
the [±45◦]4 layup exhibits the poorest shape recovery response of the
composite laminate after deployment. These findings suggest that the
model and simulation capabilities developed in this study offer a novel
design perspective and tool for improving the deployment accuracy of
composite deployable structures. Specifically, they provide insights into
how to reduce permanent residual deformation and enhance deploy-
ment accuracy without compromising the structural integrity of the
composites.

The limitations of this work must be acknowledged. To further
enhance the calibration of the constitutive model, additional off-axis
mechanical experiments on single-ply composite lamina are neces-
sary. Moreover, a more focused investigation into the approach to
obtaining decoupled material parameters of the composite viscoelastic–
viscoplastic constitutive model from the experiments of time-dependent
mechanical behavior should be pursued in future research. The
model simulation capability could also be improved by considering
the tension–compression asymmetry in the yield behavior of com-
posites. Additionally, in present non-monotonic loading simulations,
the predicted hysteresis loop phenomenon could not be quantitatively
compared with experimental observations, this discrepancy may be
attributed to the kinematic hardening behavior in real-world compos-
ites. Despite these areas for improvement, the present work provides
a modeling framework capable of describing the time-dependent me-
chanical behavior of high-strain composites for deployable structures
throughout the entire service life.
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Appendix. Calibration of material parameters

Since the total strain in the constitutive model developed in the
main text is decomposed into a viscoelastic part and a viscoplastic part,
in this section, we separately calibrate the parameters for each part.

I. Calibration of viscoelastic properties: For modeling a single-ply thin
lamina as a homogenized orthotropic viscoelastic plate, as outlined
in Kaw (2005), An et al. (2022), Kwok and Pellegrino (2017), the
stress–strain relationship for the lamina can be described by a reduced
relaxation stiffness matrix, 𝐐(𝑡), as follows:

𝝈(𝑡) = 𝐐(𝑡)𝜺(𝑡) (A.1)

where 𝝈(𝑡) and 𝜺(𝑡) represent the in-plane stress and strain vectors of
the lamina, respectively. The reduced relaxation stiffness matrix, 𝐐(𝑡),
is given by:

𝐐(𝑡) =
⎡

⎢

⎢

⎣

𝑄11(𝑡) 𝑄12(𝑡) 0
𝑄12(𝑡) 𝑄22(𝑡) 0

0 0 𝑄66(𝑡)

⎤

⎥

⎥

⎦

(A.2)

where the components 𝑄11(𝑡), 𝑄12(𝑡), 𝑄22(𝑡), and 𝑄66(𝑡) are time-
dependent and capture the viscoelastic nature of the lamina, expressed
in the form of a Prony series as follows:

𝑄𝑖𝑗 (𝑡) = 𝑄𝑖𝑗 ,0
(

1 −
𝑛
∑

𝑘=1
𝑞𝑘

(

1 − 𝑒−𝑡∕𝜌𝑘)
)

(A.3)

where 𝑄𝑖𝑗 ,0 represents the instantaneous stiffness matrix of the com-
posite lamina, 𝑛 denotes the number of terms in the Prony series,
𝑞𝑘 = 𝑄𝑖𝑗 ,𝑘

𝑄𝑖𝑗 ,0 represents the relative stiffness in the 𝑘−th term, indicating
the fraction of 𝑄𝑖𝑗 ,0 that relaxes with a characteristic relaxation time 𝜌𝑘.
After long-term relaxation, the equilibrium stiffness coefficient 𝑄𝑖𝑗 ,∞ =
𝑄𝑖𝑗 ,0−

∑𝑁
𝑘=1𝑄𝑖𝑗 ,𝑘 represents the stiffness that remains after all relaxation

has taken place.
Finally, we note that to calibrate the constants in Eq. (A.3), the

instantaneous stiffness coefficient 𝑄𝑖𝑗 ,0 can be readily determined from
the engineering constants of the lamina. The expression is given as
follows.

𝑄 =
𝐸1 , 𝑄 =

𝑣12𝐸2 , 𝑄 =
𝐸2 , and 𝑄 = 𝐺 (A.4)
11,0 1 − 𝑣21𝑣12 12,0 1 − 𝑣21𝑣12 22,0 1 − 𝑣21𝑣12 66,0 12
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Fig. A1. Example of constitutive model parameter fitting: (a) fitting relaxation data based on Prony’s series, (b) fitting equivalent stress-equivalent plastic strain data of unidirectional
lamina based on hardening function, (c) fitting equivalent stress-equivalent plastic strain data of woven lamina based on hardening function.
c

Meanwhile, the other parameters, such as 𝑛, 𝑞𝑘, and 𝜌𝑘, can be obtained
through relaxation tests and fitting procedures.

In Section 4 of the main text, we noted that a unidirectional lamina
and a single-ply woven lamina were employed for validation. Here, we
provide the calibration of their material properties.

Specifically, the unidirectional lamina, referred to as T800H/
Epoxy3631, was calibrated using experimental data from Masuko and
Kawai (2004). First, the engineering constants provided were used to
calculate 𝑄𝑖𝑗 ,0 through Eq. (A.4). Next, the Prony series parameters
were fitted using three off-axis relaxation tests at angles of 𝜃 = 30◦,
45◦, and 90◦. The relaxation modulus of the lamina for these off-axis
responses was normalized with the instantaneous modulus as follows:
𝐸𝜃(𝑡)
𝐸𝜃 ,0

= 1 −
𝑛
∑

𝑘=1
𝑞𝑘

(

1 − 𝑒−𝑡∕𝜌𝑘) (A.5)

The fitting, as shown in Fig. A1(a), resulted in a two-term Prony series
with 𝑛 = 2, 𝑞1 = 0.266, 𝑞2 = 0.133, 𝜌1 = 10, and 𝜌2 = 2500. With these
parameters substituted into Eq. (A.3), the viscoelastic properties of the
unidirectional lamina T800H/3631 were determined and are listed in
Table A.1.

On the other hand, the single-ply woven lamina, T300/Epoxy2500,
was calibrated using experimental data from Kawai and Taniguchi
(2006). The woven lamina is assumed to behave as an elastic–viscoplasti
material; therefore, 𝑄𝑖𝑗 is time-independent. Only the engineering
constants were used for calibration with Eq. (A.4), and the results are
provided in Table A.2.

II. Calibration of viscoplastic properties: The parameters for the vis-
coplastic components of the constitutive model are calibrated using
off-axis tensile test data from the single-ply composite lamina. A crucial
step in this process involves deriving the equivalent stress-equivalent
plastic strain master curve from the off-axis stress–strain response,
based on the assumptions regarding the yield and plastic flow behavior
of unidirectional and woven lamina made in Sun and Chen (1989). This
master curve is then used for parameter fitting.

The off-axis tensile stress can be transformed to the local material
coordinate system as follows:

𝜎11 = 𝜎𝑥 cos2 𝜃 (A.6)

𝜎22 = 𝜎𝑥 sin
2 𝜃 (A.7)

𝜎12 = −𝜎𝑥 cos 𝜃 sin 𝜃 (A.8)

where 𝜃 is the off-axis angle, 𝜎𝑥 represents the axial stress response, and
𝜎𝑖𝑗 denotes the stress components in the material coordinate system.
Then, the equivalent stress for the unidirectional and woven composite
lamina can be obtained by substituting Eq. (A.6), (A.7), and (A.8) into
Eqs. (13) and (16) in the main text, respectively:

𝑈 𝐷
√

3 ( 4 2 2
)

𝜎𝑒𝑞 = 𝜎𝑥 2
sin 𝜃 + 2𝑎66 sin 𝜃 cos 𝜃 (A.9)
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and

𝜎𝑊𝑒𝑞 = 𝜎𝑥
√

3 sin 𝜃 cos 𝜃 (A.10)

The above equations can be written as:

𝜎𝑒𝑞 = 𝜎𝑥ℎ(𝜃) (A.11)

where ℎ(𝜃) is the orientation factor, which has different expressions
for unidirectional and woven composites. The corresponding equivalent
plastic strain 𝑝 is:

𝑝 =
𝜀𝑝𝑥
ℎ(𝜃)

(A.12)

where

𝜀𝑝𝑥 = 𝜀𝑥 −
𝜎𝑥
𝐸𝑥

(A.13)

where 𝜀𝑥 represents the axial strain.
The off-axis tension test stress–strain data for the unidirectional and

woven lamina were sourced from the literature (Kawai and Masuko,
2004; Kawai and Taniguchi, 2006), respectively. Specifically, for the
unidirectional lamina T800H/Epoxy3631, three sets of off-axis tension
stress–strain data were collected for calibration, with 𝜃 = 10◦, 30◦,
and 45◦. For the woven composite lamina T300/Epoxy2500, two sets
of off-axis tension stress–strain data were collected for calibration,
with 𝜃 = 15◦ and 30◦. These off-axis stress–strain data were con-
verted to equivalent stress–equivalent plastic strain master curves using
Eq. (A.6)–(A.13), as illustrated in Figs. A1(b) and A1(c). The master
curves were then utilized to fit the viscoplastic material parameters
based on the hardening law discussed in Section 2.

For the unidirectional lamina, the anisotropy coefficient 𝑎66 is deter-
mined by obtaining the master curve with the least dispersion, resulting
in 𝑎66 = 1.3. The detailed process for determining the viscosity equation
parameters 𝐾 and 𝑚 can be found in Kawai and Masuko (2004). To
simplify model calibration, the material parameter 𝐾 = 1 MPa sm is set
in the viscosity equation to maintain the overstress 𝜎𝑣 at a low level.
Consequently, the time-dependent mechanical response in the model
is primarily described by the relaxation moduli. The fitted viscoplastic
parameters are listed in Table A.1 for the unidirectional lamina. In
addition, an E–VP model was also fitted for the unidirectional lamina
for comparison, and the resulting parameters are: 𝑎66 = 1.3, 𝑟0 =
17 MPa, 𝑏1 = 900, 𝑏2 = 45, 𝑄1 = 28 MPa, 𝑄2 = 70 MPa, 𝐾 = 150 MPa sm,
and 𝑚 = 0.205. Similarly, the viscoplastic parameters for the woven
composite lamina T300/Epoxy2500 were obtained and are listed in
Table A.2.

Data availability

The raw/processed data required to reproduce these findings are
available to download from https://github.com/XJTU-Zhou-group/
ABAQUS_UMAT_HSCcompVEVP.

https://github.com/XJTU-Zhou-group/ABAQUS_UMAT_HSCcompVEVP
https://github.com/XJTU-Zhou-group/ABAQUS_UMAT_HSCcompVEVP
https://github.com/XJTU-Zhou-group/ABAQUS_UMAT_HSCcompVEVP
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Table A.1
VE–VP model parameters for unidirectional T800H/Epoxy3631 lamina.

viscoelastic reference

𝑖 𝜌𝑖 (s) 𝑄11,𝑖 (MPa) 𝑄12,𝑖 (MPa) 𝑄22,𝑖 (MPa) 𝑄66,𝑖 (MPa)

∞ 104 000 1776 5004 2106 fit (Masuko and Kawai, 2004)
1 10 46 133 789 2224 936 fit (Masuko and Kawai, 2004)
2 2500 23 067 395 1112 468 fit (Masuko and Kawai, 2004)

viscoplastic

hardening laws: 𝑏1 = 844 𝑄1 = 62 MPa fit (Kawai and Masuko, 2004)
𝑏2 = 22 𝑄2 = 96 MPa fit (Kawai and Masuko, 2004)
𝑟0 = 20 MPa defined

viscosity equation: 𝐾 = 1 (MPa s)m 𝑚 = 0.205 defined
anisotropy coefficient: 𝑎66 = 1.3 Kawai and Masuko (2004)
Table A.2
E–VP model parameters for woven T300/Epoxy2500 lamina.

elastic reference

𝑖 𝜌𝑖 (s) 𝑄11,𝑖 (MPa) 𝑄12,𝑖 (MPa) 𝑄22,𝑖 (MPa) 𝑄66,𝑖 (MPa)

0 54 205 1410.5 54 205 3800 Kawai and Taniguchi (2006)

viscoplastic

hardening laws: 𝑏1 = 643 𝑄1 = 70 MPa fit (Kawai and Taniguchi, 2006)
𝑏2 = 15 𝑄2 = 104 MPa fit (Kawai and Taniguchi, 2006)
𝑟0 = 0 MPa fit (Kawai and Taniguchi, 2006)

viscosity equation: 𝐾 = 1 (MPa s)m 𝑚 = 0.205 defined
Table A.3
VE–VP model parameters of woven lamina M30S/PMT-F7 for CBT.

viscoelastic reference

𝑖 𝜌𝑖 (s) 𝐶11,𝑖 (MPa) 𝐶12,𝑖 (MPa) 𝐶22,𝑖 (MPa) 𝐶33,𝑖 (MPa)

∞ 60 577.95 15 823.53 60 577.95 2916.38 Hamillage et al. (2024)
1 0.9563 410.595 11.595 410.595 113.405 Hamillage et al. (2024)
2 9.697 281.005 7.025 281.005 76.945 Hamillage et al. (2024)
3 93.78 11.52 395 588.16 157.78 Hamillage et al. (2024)
4 981.1 176.385 2.865 176.385 46.845 Hamillage et al. (2024)
5 9283 660.28 8.7 660.28 173.16 Hamillage et al. (2024)
6 97 210 291.2 0.22 291.2 72.8 Hamillage et al. (2024)
7 963 100 259.325 3.885 259.325 68.855 Hamillage et al. (2024)
8 9 472 000 683.185 4.095 683.185 164.115 Hamillage et al. (2024)
9 56 310 000 272.925 3.075 272.925 75.025 Hamillage et al. (2024)

viscoplastic

hardening laws: 𝑏1 = 643 𝑄1 = 70 MPa fit (Kawai and Taniguchi, 2006)
𝑏2 = 15 𝑄2 = 104 MPa fit (Kawai and Taniguchi, 2006)
𝑟0 = 0 MPa fit (Kawai and Taniguchi, 2006)

viscosity equation: 𝐾 = 1 (MPa s)m 𝑚 = 0.205 defined
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