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ABSTRACT

We combine experiment and finite element simulation and come up with a design for a mechanical metamaterial which demonstrates snap-
back induced hysteresis and energy dissipation. The resultant is an elastic system that can be used reversibly for many times. The underlying
mechanism of the existence of hysteresis and the physics of snap-back induced elastic instability is unveiled. Our results open an avenue for
the design and implementation of recoverable energy dissipation devices by harnessing mechanical instability.
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Mechanical hysteresis, characterized by noncoincident loading-
unloading curves, is a ubiquitous phenomenon in many dissipative or
rate-dependent systems such as viscoelastic and elastoplastic systems
or systems where a phase transition occurs such as shape memory
alloys.1 In general, an otherwise elastic system does not dissipate
energy and exhibits hysteresis undergoing a loading-unloading cycle.
Hysteresis, nevertheless, can be achieved in elastic systems by leverag-
ing mechanical instability mainly through compression, opening the
door for multistable mechanical metamaterials for various applica-
tions.2–12 In a system undergoing instability, the force-displacement
curve is not monotonic. Snap-through instability occurs when the dis-
placement jumps suddenly in a load-control case. A counterpart, the
so-called snap-back instability, occurs in a displacement-control sys-
tem when load jumps suddenly even without an increase in the pre-
scribed displacement.13 Recently, a mechanical metamaterial sheet had
a regular pattern of holes with two different sizes and confined defor-
mation along one axis by compressing the sheet along the direction
perpendicular to the confinement axis. Snap-back instability and hys-
teresis are achieved in a displacement-control way.14 However, the
introduction of confinement complicates the implementation and
entails the instability confinement-dependent.

An intriguing yet elusive question is that can snap-back instabil-
ity be realized in a tensile loading case? Here, we explore the
snap-back instability induced hysteresis in a mechanical metamaterial
without confinement and under a tensile loading case. Snap-through

instability was observed in a similar mechanical metamaterial under
tensile load-control way.15 But as we explain later, such a system does
not exhibit snap-back instability and hysteresis in a displacement-
control scheme. From an experimental viewpoint, displacement-
control is more favorable and more straightforward to realize.

We start with the numerical simulation of a mechanical metama-
terial sheet with periodic patterns. Due to periodicity, we only need to
model a representative volume element (RVE) and apply periodic
boundary conditions (supplementary material). Figure 1(a) shows the
RVE of the mechanical metamaterial sheet which is stretched vertically
at two edges. Periodic boundary conditions were enforced on the
upper and lower horizontal and left and right vertical sides. The RVE
consists of two centrally connected cosine-shaped slender segments,
one is slim and the other is fat in thickness, which can be tessellated in
plane to form a periodic arrangement. This was previously studied by
Rafsanjani et al.15 but only the loading curve was given. The RVE was
chosen here to serve as an example to elucidate the difference between
displacement- and load-control loadings (supplementary material).
Figure 1(b) shows the deformation contours of the RVE at various
applied displacements. Figure 1(b) indicates that the upper slim beam
undergoes shape transformation at various applied stretches, changing
the curvature from convex to concave, while the lower fat beam
deforms a little bit but remains unchanged in shape. Figure 1(c) plots
the normalized nominal stress vs strain curve. The nominal stress is
obtained from the reaction force divided by the reference cross
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sectional area and then normalized by the modulus of the material E
(5.01MPa). The strain is calculated by dividing the vertical displace-
ment by the height of the RVE [4.5mm in Fig. 1(a)]. For a force-
control case, load is prescribed and increased monotonically; for a
displacement-control case, displacement is prescribed and the force is
extracted as a reaction from simulation. Figure 1(c) shows that the
force and the resultant stress first increase as the applied strain
increases and then peaks out, where the upper beam changes the cur-
vature; the stress then decreases as the prescribed strain increases
further as the upper beam changes curvature and eventually goes up
when the RVE is stretched most, but there is no instability in such a
displacement-control scenario. This N-shaped force-displacement
curve can be understood as follows. The upper cosine-shaped slim seg-
ment can be regarded as two inclined cantilevered beams. Subjected to
the vertical prescribed displacement constraints, the two inclined
beams are bent and compressed. The compression in the inclined
beam first increases as the applied displacement increases, but the fol-
lowing shape transition of the inclined beams causes part of the com-
pression to relax, giving the up and down trend of the force-
displacement curve. In Fig. 1(c), the black solid line is the loading
path, while the red dashed line is the unloading path. The loading and
unloading curves coincide with each other in such a displacement-
control way. In the supplementary material, we give both loading and
unloading curves and seriously compare the load-control and
displacement-control cases. The unloading curve is missing in the pre-
vious study;15 thus, it is impossible to estimate hysteresis loop and
energy dissipation. Figure 1(d) plots the strain energy vs applied dis-
placement curve during the loading process. Note that as the applied
displacement increases monotonically, so does the stored strain energy
in the system. The RVE in Fig. 1(a) does not exhibit hysteresis in a
displacement-control way, but hysteresis exists if the same system is
loaded in a forced-control way (supplementary material). For the RVE
in Fig. 1(a) and that studied in Ref. 15, the external work was con-
verted into the form of strain energy and stored mainly in the inclined
beam A and partially in beam B. Subjected to a displacement-control
loading-unloading cycle, the bending and relaxing of beam A is a

stable deformation process and the stored strain energy curve is mono-
tonic as indicated in Fig. 1(d). Thus, no snap-back instability occurs in
the RVE in Fig. 1(a) and that in Ref.15.

We present in Fig. 2(a) the RVE of another mechanical metama-
terial. It comprises two unit cells in Fig. 1(a) in series. But this simple
combination yields mechanical behavior quite different from that in
Fig. 1. The RVE of the design consists of four curved segments,
marked by A, B, C, and D, respectively. A and C are slim beams, and
B and D are thick ones. Compared with beams A and D, beams B and
C are shorter in length. Figure 2(b) shows the snapshots of deforma-
tion contours corresponding to various applied displacements. When
applied displacement d¼ 5.47mm, the slim beam C with a shorter
length has already completed curvature reversing, while beam A with
a longer length remains curvature unchanged but in the vicinity of
curvature transition. Fat beams, B and D, deform but remain shape
unchanged. If the applied displacement increases beyond a critical
value, say d¼ 5.58mm, beam A snaps and undergoes curvature
reverse, too. The snap and curvature reverse of beam A results in a
downward displacement in the midpoint of beam A, and this down-
ward displacement propagates through beam B and pushes beam C
back to its original configuration. The existence and the snapping-
back of beam C are crucial for the instability of the design, which
shows the force-displacement in Fig. 2(c). At d¼ 5.58mm, a sudden
drop occurs in the force-displacement curve, as indicated by the arrow.
As the applied displacement is increased to a high value, say
d¼ 12mm, beam C reverses the curvature for the second time. If one
reverses the process, the unloading path is given by the red dashed
line. Clearly, the unloading curve does not coincide with the loading
curve, and there exists a hysteresis marked by the shaded area in Fig.
2(c). Figure 2(d) plots the strain energy-displacement curve, and it is
not monotonic, and a drop occurs when beam C snaps back. Snapping
back releases part of the stored strain energy which is converted into
kinetic energy and dissipated eventually (supplementary material).

FIG. 1. RVE and deformation of a mechanical metamaterial with zero hysteresis
under tension. (a) RVE dimensions and boundary conditions of an RVE under ten-
sion of a mechanical metamaterial sheet. (b) Deformation contours of the RVE. (c)
The normalized stress-strain curve of the RVE undergoes a displacement-
controlled loading-unloading process. (d) The strain energy vs applied strain.

FIG. 2. RVE and deformation of a mechanical metamaterial under tension
exhibiting hysteresis and energy dissipation. (a) RVE dimensions and boundary
conditions of the RVE of the metamaterial design. (b) Deformation contours of the
RVE for various applied stretches. (c) The loading-unloading curve of the RVE
under a displacement-control manner. The snapping back and the dissipated
energy are marked for eye view. (d) The strain energy vs strain curve.
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It is more informative, and the underlying physics is unveiled compar-
ing Figs. 1(c) and 1(d) with Figs. 2(c) and 2(d). In Fig. 1(c), all the
loading and unloading paths are physically accessible and a collection
of infinitesimal neighborhoods of configurations in the displacement-
control experiment. This is not the case in Fig. 2(c), and there exists an
inaccessible equilibrium path given by the blue dash dot line in the
hysteresis loop. The configurations are not infinitesimal neighbor-
hoods, and jump phenomenon occurs when snapping back occurs.

Our design in Fig. 2(a) has several geometric design parameters.
The above-mentioned discussion is related to a set of typical geometric
parameters: t1¼ 1.5mm, t2¼ 1mm, A1¼ 4mm, A2¼ 3.2mm,
L1¼ 10mm, and L2 ¼ 8mm. Definitely, these parameters can be var-
ied to check various designs. We performed detailed parametric analy-
sis and performed nearly 1000 finite element simulations
(supplementary material) and finally identified that the ratio of t1/t2
and the normalized height of A1/L1 are two key parameters to control
the snap-back behavior of the metamaterial. Actually, these two
parameters characterize the slimness of the beam and the inclination
of the convex arch, which are more sensitive to the snap-back instabil-
ity of the RVE. We then carried out a series of finite element calcula-
tions (supplementary material) and constructed the phase diagram in
terms of A1/L1 and t1/t2 in Fig. 3. The gray area is the space without
snap-back, and the snap-back region is marked by different colors,
corresponding to different dissipated energy due to hysteresis and
indicated by the scale bar.

To further prove the previous analysis based on RVE, we fabri-
cated finite size structures consisting of 13� 2 RVEs and performed
experiment and simulation, highlighting the difference of two RVEs.
The results are presented in Figs. 4 and 5, corresponding to RVE with-
out and with snap-back, respectively. The sample was fabricated via a
reverse mold (fabrication precision 0.2mm) and was made of polyure-
thane rubber. The sample was loaded in a quasistatic way with a load-
ing rate of 0.5mm/s (displacement precision 0.0001mm, force
precision 0.0001N). In the nominal stress-strain curves in Fig. 4, the
black solid line is the loading path, and the blue dashed line is the
unloading path in the experiment. The red solid line and green dashed
line are the simulations for loading and unloading paths, respectively.
Note that the polyurethane rubber is viscoelastic; so, there exists a hys-
teresis in the experiment. Simulation here adopts the Neo-Hookean
hyperelastic model (G¼ 1.67MPa, l ¼ 0.49), and the unloading curve

almost coincides with the loading curve with zero hysteresis. In Fig. 4,
snapshots of experiment and simulation are given for comparison,
and good agreement is achieved albeit of the discrepancy due to the
material model. Both experiment and simulation reveal the sequential

FIG. 3. The instability phase diagram of the RVE in Fig. 2 and the associated dissi-
pated energy.

FIG. 4. Loading-unloading behavior of a mechanical metamaterial sheet with
13� 2 RVEs given in Fig. 1. Both snapshots of experiment and simulation
are given for comparison. Instants ‹, ›, and fi are marked in the stress-strain
curve.

FIG. 5. Deformation and snap-back induced hysteresis of a mechanical metamate-
rial with 13� 2 RVEs given in Fig. 2. Both snapshots of experiment and simulation
are given for comparison. Instants ‹, ›,fl, and fi� are marked in the stress-
strain curve.
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curvature reversing process, reflected in the wavy profile of the stress-
strain curve. The instant marked by ‹ is the original state; state › is
one of the local extrema in the stress-strain curve, where the top layer
of slim beams completes curvature reversing, as shown in the snap-
shots; state fi is another local extremum where the top and bottom
layers of slim beams undergo shape transition (see Movie_S1).

Figure 5 plots the nominal stress-strain curve of the finite struc-
ture derived from the RVE exhibiting hysteresis from simulation by
using the same hyperelastic material parameters previously men-
tioned. A marked difference is that the structure in Fig. 5 does exhibit
hysteresis, dissipating about 0.128 J energy by evaluating the enclosed
area of the hysteresis. Experimentally, the loading-unloading process
dissipates about 0.143 J energy, a little bit larger than that predicted by
simulation due to the fact that the overall dissipated energy in experi-
ment includes the part due to material viscoelasticity and the part due
to snap-back instability, whereas the material viscoelasticity is not
accounted for in simulation. Both experiments and simulations reveal
that the system undergoes a similar sequential curvature reversing.
Slender beam C with shorter length reverses first in a layer by layer
fashion. After beam C completes its curvature reversing, then beam A
begins to reverse if applied displacement is further increased. Snap-
back of beam C occurs in the stages of fi and �, as shown in the figure
(see Movie_S2).

In summary, we come up with an elastic mechanical metamate-
rial which exhibits a snap-back induced hysteresis under tension.
Upon loading and unloading, the elastic system dissipates the amount
of energy due to hysteresis loop. The deformation and the dissipation
processes are reversible, and the system can be used in a rate-
independent manner for many cycles, opening an avenue for revers-
ible energy dissipation through mechanical instability.

See the supplementary material for the details of numerical simu-
lations and movies recorded in experiments.

This research is supported by the Natural Science Foundation
of China (Grant Nos. 11472210 and 11372239) and by a
technological project of Institute of Systems Engineering, China
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Supplementary material  

Title: Snap-back induced hysteresis in an elastic 

mechanical metamaterial under tension 

 

S1: RVE simulation details and difference between displacement- and 

force-control 

    We choose here the RVE shown in FIG.1(a) as a typical example to detail the 

simulation details. The RVE was stretched vertically at two upper edges, while the 

vertical displacements of the bottom edges were constrained. Periodic boundary 

conditions were enforced on the upper and lower horizontal and left and right 

vertical sides. The geometric modeling of the RVE was performed in a parametric way 

by Python script, which facilitates parametric study described in the following. For 

the polymeric sheet considered here, a nearly incompressible hyperelastic 

Neo-Hookean material model was adopted with shear modulus 1.67 MPa and 

Poisson’s ratio 0.49. The deformation of the RVE sheet was treated as a plane stress 

problem and the RVE was discretized by 6-node quadratic triangle elements (CPS6). 

All simulation were carried out in ABAQUS 6.14. The RVE was modeled either in a 

displacement-control or in a force-control way, and various algorithms provided in 

ABAQUS were used. 

    For a structure which is loaded in a quasi-static loading, the deformation of the 



structure can be captured either by static/general or dynamic/implicit algorithms. In 

this study, both were utilized and both can give identical solutions. But for most cases, 

the dynamic algorithm has better convergence than the static/general algorithm. We 

model all the displacement-control cases by using dynamic/implicit, while all 

force-control cases are modeled by using static/general. Specific choice of algorithms 

does not affect the results, and each case can be reproduced by proper usage of 

algorithms. 

FIG.S1 plots the force-displacement curve of the RVE in FIG.1(a). Both loading 

and unloading curves are presented and indicated by the arrows. The black solid line 

and the red dashed line represent the loading and unloading curves in the 

displacement-control way. The blue filled triangle and the purple filled inverted 

triangle denote the loading and unloading curves in the force-control way. FIG.S1 

clearly shows the difference between displacement- and force-control loading 

processes. The loading curve coincides with the unloading curve in the 

displacement-control case, and there is no jumps and hysteresis for the RVE in 

FIG.1(a). All the loading and unloading paths are in equilibrium states and are 

physically accessible. In the force-control case however, the RVE in FIG.1(a) 

undergoes snap-through instability and there is hysteresis in a loading-unloading 

cycle. When the applied load reaches a critical value, jump of displacement occurs 

even without increase of loading, resulting in the snap-through instability. The 

critical conditions for the onset of snap-through instability are not the same in the 

loading and the unloading processes, thereby forming hysteresis.      



Similar simulations were performed regarding the RVE in FIG.2(a), which gives 

the results plotted in FIG.S2. The force-control process is denoted by black filled 

square, and the displacement-control process is represented by red filled circle. The 

loading and unloading paths are indicated by arrows. Note that similar snap-through 

instability occurs in the force-control process as expected. The marked difference 

between FIG.S1 and FIG.S2 is that there does exist instability in the 

displacement-control case in FIG.S2. As explained in the main text, the 

force-displacement curve in FIG.S2 undergoes snap-through instability in 

load-control case; meanwhile, it also exhibits so-called snap-back instability in 

displacement-control case. In contrast, the force-displacement curve in FIG.S1 only 

exhibits snap-through instability in force-control case and there is no instability in 

displacement-control case. Also note that there is a branch of inaccessible 

equilibrium path as marked by blue dotted line, and this branch is captured by using 

the static/Riks algorithm. FIG.S3 plots the associated energy versus displacement 

curve for the RVE in FIG.2(a). The black line is the external work, the red line is the 

strain energy, and the blue line is the kinetic energy. The kinetic energy remains 

nearly zero during the whole loading process except a small increase presented in a 

zoomed in picture inserted in FIG.S3. The occurrence of the increase of kinetic 

energy corresponds to a drop in the strain energy. The drop of the strain energy is 

converted into the increase of the kinetic energy. The sum of strain energy and the 

kinetic energy always equals to the work done by external force, a statement of energy 

conversation as expected. 



 

S2: Construction of instability phase diagram 

To construct an instability diagram and to explore the influence of various 

geometric parameters on the snap-back instability, the finite element model of the 

RVE in FIG.2(a) is needed to be built by parametric modeling via a Python script. 

Various geometric parameters defining the geometry of the RVE are defined as 

variables rather than fixed values. A MATLAB code was written to execute the 

running of ABAQUS. All together, nearly 1000 finite element simulations were 

carried out. For each group of parameters, the force-displacement curves for both 

loading and unloading processes were obtained, and a MATLAB code was used to 

calculate the enclosed area giving the energy dissipation during a complete cycle. The 

calculated energy dissipation was stored a series of arrays, and a function in MATLAB, 

contourf, was used to plot the phase diagram shown in FIG.S4 and FIG.3. 

 

S3: Material characterization and experiment 

  FIG.S5(a) shows the standard material sample which was used to measure material 

constants. FIG.S5(b) plots the obtained experimental stress-strain curve of the 

sample. The material used in sample fabrication is polyurethane rubber and a finite 

size structure consisting of 13×2 RVEs was fabricated by reverse mould and was 

shown in FIG.S5(c). 

 



 

FIG.S1 The force-displacement curve of the RVE in FIG.1(a) in the displacement- 

and force-way 

 

FIG.S2 The force-displacement curve of the RVE in FIG.2(a) in the displacement- 

and force-way 



 

FIG.S3 The associated energy versus displacement curve for the RVE in FIG.2(a) 

FIG.S4 The influence of various geometric parameters on the snap-back instability 



 

FIG.S5 Material Characterization and experiment strucure 

 


	f1
	f2
	f3
	f4
	f5
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15

